Lycée Carnot Feuille de calcul : systémes linéaires a 3 équations et 3 inconnues E2A

1 Exercices

1.1 Systemes de Cramer

Ces systémes apparaissent lorsque I’on démontre qu’une famille de vecteurs est libre (exercice 1) ou lorsque 1’on résout
un probléme de Cauchy (exercice 2).

Exercice 1 : Résoudre les systemes linéaires homogenes suivants.

[(z+ y+22=0
1. 2+2y+ 2=0
20+ y+ z=0

B +22=0
2.4 —y+ z=0
lz — 2y =0

Exercice 2 : Résoudre les systémes linéaires avec second membre suivants.

r+ y+2z2=3
1.4 z+2y+ 2=1
2+ y+ 2=0

1.2 Systémes se résolvant a ’aide de deux variables auxiliaires

Ces systémes apparaissent lorsque 1’on calcule un sous-espace propre de dimension 2.

(z+y+22=0

iz —y— z2=0

LT + z2=0

(z+ y—2=0

AT = Yy =0

z+4y+2=0

z +2z=1
- y+ z=2
T — 2y =1

Exercice 3 : Résoudre les systémes linéaires suivants.

3z—2y+ 2=0
1. { 6x—4y+2z=0
=3r+2y— z2=0

r+ 4dy— z2=0
2. 4-2x— 8y+22=0
3z + 12y —32=0

(=22 + y+ 2=0

-4 +2y+22=0

dr —2y—2z=0

(=22 -2y +22=0

.y —x— y+ z2=0

dr +4y —42 =0

y+ z=
rT— y+2z=
20 +3y— z=0

-3y+2z=0
4z - z=0
|—3% -32=0

r+y+2z=5
r—y— z=1
T + 2=3

0=

—z =
-4z =0
(22— y=0
1—4x -2y =0
20+ y=0

1.3 Systemes se résolvant a ’aide d’une seule variable auxiliaire

Ces systémes apparaissent lorsque ’on calcule un sous-espace propre de dimension 1.

Exercice 4 : Résoudre les systemes linéaires suivants.

20+ 2y+ 2=0
1. {-2z+2y+32=0
z+4y+4z=0

3+ y— z2=0
r—=2y+2z=0
z+ y— z2=0

20+ 2y+ 2=0
-r+2y+ 2=0
z+4y+22z=0
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20— y— 2=0 Jy+52=0 -z+3y— 2=0
4. y—x+2y— 2=0 5. r+4y+2z=0 6. {22 —-Ty+22=0
3z -32=0 —-r— y+32=0 -r+2y— 2=0
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2 Réponses courtes

Réponses de ’exercice 1 :

rz+ y+2z=0 (x+ y—2=0

1.{z+2y+ 2=0 = xz=y=2=0 4. sx— y =0 &= z=y=2=0
22+ y+ z=0 z+4y+2=0
(2 +22=0 [ y+ 2=0

2.4 —y+ z2=0 = z=y=2=0 5.1 x— y+2z2=0 = z=y=2=0
T — 2y =0 2z+3y— 2=0
(x+y+22=0 ( -3y+22=0

3. jz—y— 2=0 &= z=y=2z=0 6. 1 4z - 2=0 = z=y=2=0
|z + z2=0 |—3x -3z=0

Réponses de ’exercice 2 :

[(z+ y+22=3 T =-1 r+y+22=5 x =3
1. z4+2y+ 2=1 < Y =0 .z —y— z=1 < Y =2
2z+ y+ 2=0 z2=2 T + z2=3 z=0
(a +2z=1 x =-1
2.1 - y+ z=2 = y =-1
\r — 2y =1 z=1
Réponses de ’exercice 3 :
3z—2y+ 2=0 -2z —-2y+22=0
1. {4 6r—4y+22=0 < z=2y-3z 4.4 —z— y+ 2=0 < z=zx+y
=3z +2y— 2=0 | 4z +4y—42=0
r+ 4dy— z2=0 [ 0=0
2. 9-2x— 8y+22=0 < z=x+4y 5.9 —z =0 < 2=0
3z + 12y —32=0 | —4z =0
(—22+ y+ 2=0 (=22 - y=0
3. 1-4x+2y+22=0 < z=2x-y 6. 1-dx-2y=0 < y=-2
| 4r—2y—22=0 | 22+ y=0
Réponses de ’exercice 4 :
20+ 2y+ z=0 9 3z+ y— z=0
x ==z T =0
l.i—z2+4+2y+32=0 < 37 2.9 2-2y+22=0 <
y=—:5z Y=z

r+4y+42=0 z+ y— z2=0
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(22 +2y+ 2=0 0
€T =
3. i—z+2y+ 2=0 {
y=-3z
r+4y+22=0
20— y— 2=0
x =z
4. 3-z+2y— z=0 < {
y==z
| 3z -32=0

A

3y+52=0 14
x ==z
r+4y+22=0 4:{ 3.
y=-3z
I~z — y+32=0 3
-z+3y— 2=0
x =-z
20 =Ty +22=0 <
y=0

—x+2y— z2=0
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3 Corrections détaillées

Correction détaillée de 1’exercice 1 :

1.
T+ y+22=0 (z+y+22=0
r+2y+ z2=0 < A y— 2=0
2r+ y+ 2=0 -y—32=0
(x+y+22=0
= j y— z2=0
-42=0
T =0
= Y =0
z=0
2.
T +2z=0 £ +22=0
- y+ z2=0 = { - y+ z=0
T —2y =0 -2y—-2z=0
(a +22=0
= {4 —y+ 2z=0
| -4z=0
o _
— - Y =
z =
3.
r+y+22=0 (z+ y+22=0
r—y— 2=0 < < —-2y—-32=0
x + 2=0 - y— 2z2=0
[+ y+22=0
= {4 —2y—3z=
z =
x =0
= Y =0
z=0
4.
z+ y—2=0 (x+ y— 2=0
rT— y =0 &= < —-2y+ z=
r+4y+2=0 3y +2z=
(x+ y— 2=0
= 4§ =2+ z=
L 7z=0
- _
= A y =
2=

Ly < Ly = Iy
L3(—L3—2L1
L34—L3+L2

(par remontées

successives)
L3 — L3 - Ll
L3 — L3 - 2L2

(par remontées
successives)

LQ(—LQ—Ll
L3<—L3_L1

L3 — 2L3 —L2

(par remontées

successives)
L2 — L2 - Ll
Ly« Ly—1,

L3 — 2L3 + 3L2

(par remontées
successives)
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5.
y+ z2=0
T— y+2z2=0 < |
20 +3y— z2=0
—
—
=
6.
-3y+22=0
4z - 2=0 &= ;
-3z -32z=0
—
—

Correction détaillée de I’exercice 2 :
1.

r+ y+2z=3

T+2y+ z=1 < o

2r+ y+ z2=0

2.
T +2z=1
— y+ 2 =2 = A
-2y =1
—
=

r— y+2z=0

y+ z=0
20 +3y— z=0
(x— y+22=0

y+ z=0
5y —5z2=0
(x—y+ 22=0
y+ z=0
| —-10z2=0
(2 =0
y =0
z=0
[ 4x - 2=0
-3y+2z2=0
|—3x -32=0
4x - z=0
1 —3y+ 2z2=0
\ —-152=0
(o _
J y =
=0

y— z2=-2
—y—3z=-6
(x+y+22=3
5 y— z=-2
-4z = -8
T =-1
J Yy =
z=2
T + 2z =
- y+ z=
-2y—22=0
z + 2z =
-y+ z2=2
—4z=-4
T =-1
4 Yy =-1
z=1

L1<—)L2
L3 — L3 _2L1
L3 — L3 —5L2

(par remontées
successives)

L1<—>L2

L3 — 4L3 + 3L1

(par remontées
successives)

L2<—L2_L1
L3<—L3—2L1

L3(—L3+L2

(par remontées

successives)
Ly« Ls— 1Ly
L3 — L3 - 2L2

(par remontées
successives)
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3.
r+y+22=5 (x+ y+22=5
= 221 &= | —9y—3:=-4 Ly < Ly — Iy
rTyT e ymeEE Ly < L3 =1Ly
T + z2=3 | — y— z=-2
(x+ y+22=5
— 3 _2y—3Z=—4 L3<—2L3—L2
z=0
( =3 )
— y 9 (par remontees
successives)
z=0
Correction détaillée de 1’exercice 3 :
1.
3x—=2y+ z=0 I oL
_ _ _ _ car Ly = 2L,
6r—4y+22=0 < 3xr—-2y+z2=0 ot Ly = —L,
=3x+2y— z=0
= z=2y-3x
2.
z+ 4dy— 2=0 I I
—9p — - L car Lo = =21,
2 — 8y+22=0 < x+4y—2=0 et Ly = 3L,
3x+ 12y —32=0
— z=zx+4dy
3.
-2x+ y+ z=0 I =9l
_ _ _ car Ly = 214
dr+2y+22=0 & -22+y+2=0 ot Ly = —2I,
dr —2y—-22=10
= z=2r-y
4.
—2x-2y+22=0
e — Y+ 2=0 = z4+y—2=0 car L = 2L,
royT 2= rry-2= et Ly =—-4L,
dr +4y -4z =0
— z=zx+Yy
5.
0=0
-z =0 < 2=0
-4z =
6.
—2r—- y=0 I I
_ _ _ _ car 1= —L3
dr—-2y=0 < 2x+y=0 et Ly = —2Ls
20+ y=0
= y=-21x
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Correction détaillée de 1’exercice 4 :
1.

20+ 2y+ 2=0

—r+2y+32=0 < -

r+4y+42=0

3z+ y— 2=0

rT—2y+22=0 < |

z+ y— z2=0

2z +2y+ 2=0

-z+2y+ 2=0 <

r+4y+22=0

20+ 2y+ 2=0
6y +72=0
6y +72=0

(22 +2y + =z =0
6y + 7z =0

L 0=

20+ 2y = —z

{ by = =7z

T =§z

g

3z+ y— 2=0
- Ty+72=0
20 —22=0

(3z+ y— =z =0
-Ty+ 7z =0

L O=

3x+y ==z

[

(22 +2y+ 2=0

1 6y +32=0
6y +32=0

(22 +2y + =z =0

1 6y + 3z =0

| 0=0

20 + 2y = —z

{ 2y = —z

L2 — 2[/2 +L1
L3 — 2L3 —L1

L3<—L3_L2

(par remontées

successives)
L2 — 3L2 - L1
L3 — 3L3 - L1

L3 — 7L3 + 2L2

(par remontées
successives)

L2 — 2L2 +L1
L3 — 2[/3 —L1

Lg(—Lg—LQ

(par remontées
successives)
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(22— y— 2=0
3y—32=0
3y—32=0

(22— y— =z =0
3y — 3z =0

L 0=

20—y =z

e

[ x+4y+22=0
3y+52=0
l—x— y+32=0
(x+4y+22=0

3y+52=0

3y+52=0
(x+4y+22z =0
] 3y + 5z =0
0=0

{x+4y = -2z
—

T =%z
=
Y

4.
20— y— 2=0
—-z+2y— z=0 < ;5
3z -32=0
—
—
—
5.
3y+52=0
T+4y+22=0 = ;
—x— y+3z=0
—
—
6.

—x+3y— z=0

20 =Ty +22=0 < -

—r+2y— 2=0

3y = =5z

=_5
= 32

(—2z+3y—2=0
-y =0
-y =

(—2+ 3y — 2 =0

: -y =0

0=0

L2 — 2L2 + L1
L3 — 2L3 - 3L1

Ly« Lz — Ly

(par remontées
successives)

LlHLQ

L3<—L3+L1

L3<—L3—L2

(par remontées
successives)

LQ‘—L2+2L1
L3(—L3_L1

L3<—L3—L2

(par remontées
successives)
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