
&RUULJ© �FROH SRO\WHFKQLTXH ����

5©DOLV© SDU 5©PL 6RXYHWRQ � UHPL�VRXYHWRQ#SUHSDV�RUJ

/
REMHW GH FH SUREO¨PH HVW O
©WXGH GX QR\DX GH 3RLVVRQ VXU OH GHPL SODQ {�x, y� ∈ 5�, y > �}�

3UHPL¨UH SDUWLH

�� � y > � IL[©� OD IRQFWLRQ x "→ y

x� � y�
HVW XQH IRQFWLRQ FRQWLQXH VXU 5� /HV GHX[ VHXOHV VLQJXODULW©V

SRXU O
LQW©JUDOH VRQW GRQF HQ �∞ HW HQ−∞� &RPPH FHWWH IRQFWLRQ HVW SDLUH� LO VXIILW G
©WXGLHU OD SUHPL¨UH
VLQJXODULW©� 2U� RQ D OD PDMRUDWLRQ

�! �
π

y

x� � y�
 �

(
�
x�

)
, x "→ �∞.

&RPPH O
LQW©JUDOH
∫ �∞

�

�
x� dx HVW FRQYHUJHQWH� OH WK©RU¨PH GH FRPSDUDLVRQ DVVXUH OD FRQYHUJHQWH GH

O
LQW©JUDOH
∫ �∞

�
K�x, y� dy� /D UHPDUTXH GH SDULW© HW OH SULQFLSH GH V©SDUDWLRQ GHV VLQJXODULW©V� SHUPHW�

WHQW GH FRQFOXUH TXDQW   OD FRQYHUJHQFH GH
∫ �∞

−∞
K�x, y� dx.

3RXU OH FDOFXO� RQ XWLOLVH XQH SULPLWLYH FODVVLTXH� SRXU y > � GH x "→ �
x� � y�

� VXU 5�   VDYRLU x "→

�
y
DUFWDQ

x

y
. 2Q SHXW GRQF ©FULUH�

∫ �∞

−∞
K�x, y� dx  

�
π

[
DUFWDQ

x

y

]x→�∞

x→−∞
.

2Q D DORUV OD U©SRQVH K�x, y�  �.

�� /D IRQFWLRQ K HVW GH FODVVH C∞ VXU Π�� HQ WDQW TXH IUDFWLRQ UDWLRQQHOOH� 8Q FDOFXO GLUHFW �  G©WDLOOHU�
GRQQH DORUV

∂�K�x, y�  − �
π

xy

�x� � y���
, ∂�K�x, y�  

�
π

x� − y�

�x� � y���
.

3RXU OHV G©ULY©HV VHFRQGHV� RQ D G©M 

∂��K�x, y�  
�
π

y��x� − y��
�x� � y���

HW ∂��K�x, y�  − �
π

y��x� − y��
�x� � y���

.

'RQF� SDU VRPPH

∂��K � ∂��K  �.

�� 2Q SHXW UDLVRQQHU SDU U©FXUUHQFH �J©Q©UDOLV©H� VXU m � n�

6L m � n  �� DORUV� SXLVTXH� GDQV FH FDV� m  n  �� HQ SRVDQW P�,��x, y�  
y

π
� RQ D ELHQ

K�x, y�  
P �x, y�
x� � y�

.

�



6RLHQW �m,n� ∈ 1� WHO TX
LO H[LVWH Pm,n XQ SRO\Q´PH GH GHJU© PDMRU© SDU ��m � n�� WHO TXH

∂m� ∂
n
�K�x, y�  

Pm,n�x, y�
�x� � y��m�n�� .

6RLHQW DORUV �m′, n′� ∈ 1� WHOV TXH m′ � n′  m � n � �� 2Q D GHX[ FDV�

6Lm′  m HW n′  n � ��
2Q D DORUV� VHORQ OH WK©RU¨PH GH 6FKZDU]� TXL V
DSSOLTXH LFL� SXLVTXH K HVW C∞�

∂m� ∂
n��
� K�x, y�  ∂�

(
∂m� ∂

n
�K

)
�x, y�  ∂�

Pm,n�x, y�
�x� � y��m�n��

 
�x� � y��∂�Pm,n�x, y�− ��m � n � ��yPm,n�x, y�

�x� � y��m�n�� .

2Q SRVH DORUV Pm,n���x, y�  �x� � y��∂�Pm,n�x, y� − ��m � n � ��yPm,n�x, y�. ,O UHVWH   SURXYHU TXH OH
GHJU© GH Pm,n�� SDU UDSSRUW   x HVW LQI©ULHXU   ��m � n � ���
2Q D HQ HIIHW

GHJx Pm,n��!PD[
(
� � GHJx Pm,n, GHJx Pm,n

)
!��m � n� � �,

SDU K\SRWK¨VH GH U©FXUUHQFH�
$LQVL� G©ILQL� Pm,n�� HVW ELHQ XQ SRO\Q´PH GRQW OH GHJU© SDU UDSSRUW   x HVW LQI©ULHXU   ��m � n � ���

6Lm′  m � � HW n  n′�
2Q UDLVRQQH GH OD PªPH ID§RQ DYHF

Pm��,n�x, y�  �x� � y��∂�Pm,n�x, y�− ��m � n � ��xPm,n�x, y�.

3RXU OH GHJU©� RQ RQ FRQVLG¨UH

GHJx Pm��,n!PD[
(
� � GHJx Pm,n, � � GHJx Pm,n

)
!��m � n� � �.

2Q D ©JDOHPHQW OH U©VXOWDW�
'HX[L¨PH SDUWLH

�� &RPPH SURGXLW GH IRQFWLRQV FRQWLQXHV� t "→ f�t�K�x− t, y� HVW FRQWLQXH� /HV VHXOHV VLQJXODULW©V VRQW
HQ −∞ HW �∞�
&RPPH f HVW ERUQ©H VXU 5� RQ SHXW SRVHU M  VXS

5
|f |�

3DU V©SDUDWLRQ GHV VLQJXODULW©V� RQ FRPPHQFH SDU ©WXGLHU O
LQW©JUDELOLW© GH f VXU >�, �∞>� 2Q D O
LQ©JDOLW©

�! |f�t�K�x− t, y�|!MK�x− t, y�  O

(
�
t�

)
,

DYHF t "→ �
t�

LQW©JUDEOH VXU >�, �∞>� 'RQF� SDU OH WK©RU¨PH GH FRPSDUDLVRQ t "→ f�t�K�x − t, y� HVW

LQW©JUDEOH VXU >�, �∞>�
6XU @−∞,−�@� RQ UDLVRQQH GH PªPH DYHF O
LQ©JDOLW© VXLYDQWH

�! |f�t�K�x− t, y�|!MK�x− t, y�  O

(
�
t�

)
,

3DU UHJURXSHPHQW� t "→ f�t�K�x− t, y� HVW LQW©JUDEOH VXU 5�
�D� 6HORQ OD TXHVWLRQ SU©F©GHQWH� RQ SHXW ©FULUH� SRXU WRXW �x, y� ∈ Π��

Φf �x, y�  
∫

5
f�t�K�x− t, y� dt  

y

π

∫

5

f�t�
�x− t�� � y�

dt.

�



6HORQ OHV LQ©JDOLW©V GH OD TXHVWLRQ SU©F©GHQWH� DYHF OHV PªPHV QRWDWLRQV� SRXU �x, y� ∈ Π��

|Φf �x, y�|!M

∫

5
K�x− t, y� dt  M

∫

5
K�u, y� du  M,

HQ HIIHFWXDQW OH FKDQJHPHQW GH YDULDEOHu  x−t� FH TXL QH FKDQJH SDV OD QDWXUH FRQYHUJHQWH GH O
LQW©JUDOH�
/D IRQFWLRQ Φf HVW GRQF ERUQ©H� 3RXU PRQWUHU TX
HOOH HVW FRQWLQXH� RQ XWLOLVH OH WK©RU¨PH GH FRQWLQXLW©
VRXV OH VLJQH LQW©JUDOH� 2Q U©XWLOLVH� OH FKDQJHPHQW GH YDULDEOH SU©F©GHQW� DILQ G
©FULUH�

Φf �x, y�  
∫

5
f�x− u�K�u, y� du.

'¨V ORUV� SRXUPRQWUHU TXHΦf HVW FRQWLQXH� LO VXIILW GHPRQWUHU TXH �x, y� "→
∫

5

f�x− u�
u� � y�

dy HVW FRQWLQXH�

3RXU FH IDLUH� RQ FRQVLG¨UH K� � �u, y� "→
�

u� � y�
� DLQVL TXH ε > �� 2Q QRWH Fε  5× >ε, �∞>�

� u IL[© GDQV 5� OD IRQFWLRQ �x, y� "→ f�x− u�K��u, y� HVW FRQWLQXH VXU Fε�

� �x, y� ∈ Fε IL[©� OD IRQFWLRQ u "→ f�x− u�K��u, y� HVW FRQWLQXH HW LQW©JUDEOH VXU 5�
2Q D O
K\SRWK¨VH GH GRPLQDWLRQ �DYHF M  VXS |f | ∈ 5� SXLVTXH f HVW ERUQ©H�

|f�x− u�K��u, y�|!M
�

u� � ε�
.

/H PHPEUH GH GURLWH HVW FRQWLQX HW LQW©JUDEOH VXU 5�

/H WK©RU¨PH GH FRQWLQXLW© VRXV OH VLJQH VRPPH SHUPHW DORUV G
©FULUH TXH �x, y� "→
∫

5
f�x−u�K��u, y�du,

HVW FRQWLQXH VXU Fε� GRQF VXU O
XQLRQ GH WRXV OHV Fε SRXU ε ∈ 5∗
�� F
HVW� �GLUH Π��

3DU SURGXLW GH IRQFWLRQV FRQWLQXHV� RQ HQ G©GXLW TXH

�x, y� "→ Φf �x, y�  
y

π

∫

5
f�x− u�K��u, y� dy

HVW FRQWLQXH VXU Π��
�E� 6HORQ� OD TXHVWLRQ SU©F©GHQWH� RQ D� SRXU f ∈ E�

∀�x, y� ∈ Π�, |Φf �x, y�|!‖f‖.

2Q HQ G©GXLW ‖Φf‖!‖f‖� ,O V
HQVXLW TXH f "→ Φf HVW FRQWLQXH� GH QRUPH ‖Φ‖ LQI©ULHXUH   ��
(Q SUHQDQW f  �� OD IRQFWLRQ FRQVWDQWH� RQ D� SRXU WRXW �x, y� ∈ Π�� Φ��x, y�  �� VHORQ OD TXHVWLRQ ��
3DU FRQV©TXHQW� ‖Φ�‖  ‖f‖� HW� DYHF OH U©VXOWDW SU©F©GHQW� RQ SHXW FRQFOXUH�

‖Π‖  �.

�� 3RXU PRQWUHU TXH Φf HVW C∞� RQ SURXYH� SDU U©FXUUHQFH� TXH Φf HVW GH FODVVH Ck� SRXU WRXW k HQWLHU
QDWXUHO� 3RXU OH FDV k  �� F
HVW OH U©VXOWDW GH OD TXHVWLRQ �D�

6RLW k ∈ 1� 6XSSRVRQV TXH Φf HVW GH FODVVH Ck�

3RXU SURXYHU TXH Φf HVW Ck��� LO VXIILW� VHORQ OH WK©RU¨PH IRQGDPHQWDO GH FDOFXO GLII©UHQWLHO� GH SURXYHU

TXH SRXU WRXW �m,n� ∈ 1� WHOV TXHm�n  k� WRXWHV OHV IRQFWLRQV GX W\SH ∂m� ∂
n
�Φf DGPHWWHQW GHV G©ULY©HV

FRQWLQXHV VXU Π�� 'DQV OD VXLWH� RQ IL[H m HW n HQWLHU QDWXUHOV WHOV TXH m � n  k�
3RXU FHOD� RQ XWLOLVH OH WK©RU¨PH GH G©ULYDWLRQ VRXV OH VLJQH LQW©JUDOH� 2Q QRWH H XQ FRPSDFW GH Π��

�



� �x, y� IL[©V GDQV H � OHV IRQFWLRQV VXLYDQWHV VRQW FRQWLQXHV HW LQW©JUDEOHV VXU 5

t "→ f�t�∂mx ∂
n
yK�x− t, y�

t "→ f�t�∂x∂mx ∂
n
yK�x− t, y�

t "→ f�t�∂y∂mx ∂
n
yK�x− t, y�

� t IL[©� OHV IRQFWLRQV VXLYDQWHV VRQW ELHQ G©ILQLHV HW FRQWLQXHV �VHORQ OD TXHVWLRQ � FH VRQW PªPH GHV
IUDFWLRQV UDWLRQQHOOHV��

�x, y� "→ f�t�∂mx ∂
n
yK�x− t, y�

�x, y� "→ f�t�∂x∂mx ∂
n
yK�x− t, y�

�x, y� "→ f�t�∂y∂mx ∂
n
yK�x− t, y�

&RPPH H HVW XQ FRPSDFW GH Π�� LO H[LVWH ε > � WHO TXH �x, y� ∈ H ⇒ y > �� /HV GHX[ IRQFWLRQV

�t, x, y� "→
[
∂m��
x ∂nyK�x− t, y�

]
HW "→ �t, x, y�

[
∂mx ∂

n��
y K�x− t, y�

]
.

Q
RQW GRQF SDV GH S´OHV VXU H �
(Q XWLOLVDQW OD TXHVWLRQ �D� RQ D

GHJt
[
∂m��
x ∂nyK�x− t, y�

]
< −� HW GHJt

[
∂mx ∂

n��
y K�x− t, y�

]
< −�.

&RPPH x HW y VRQW GDQV XQ FRPSDFW� LO H[LVWH XQH IUDFWLRQ UDWLRQQHOOH g� VDQV S´OHV VXU 5� WHOOH TXH

g�t�  O

(
�

� � t�

)
VL |t| → �∞ HW� SRXU WRXW �x, y, t� ∈ H × 5

[
∂m��
x ∂nyK�x− t, y�

]
< g�t� HW

[
∂mx ∂

n��
y K�x− t, y�

]
< g�t�.

/
LQW©JUDELOLW© GH g DVVXUH O
K\SRWK¨VH GH GRPLQDWLRQ� /H WK©RU¨PH GH G©ULYDWLRQ SHUPHW DORUV G
©FULUH

TXH Φf HVW Ck�� VXU H �

3RXU OH FDUDFW¨UH Ck�� VXU Π�� RQ SDVVH   O
XQLRQ GH WRXV OHV FRPSDFWV GH Π�� F
HVW� �GLUH Π� OXL�PªPH�
3DVVRQV DX FDOFXO GX /DSODFLHQ GH Φf � 2Q XWLOLVH OD IRUPXOH GH /HLEQL]� O©JLWLP©H SDU OH WK©RU¨PH GH
G©ULYDWLRQ VRXV OH VLJQH VRPPH� 6RLHQW �x, y� ∈ Π�

∂��Φf �x, y� � ∂��Φf �x, y�  
∫

5
f�t�∂��K�x− t, y� dt �

∫

5
f�t�∂��K�x− t, y� dt.

 
∫

5
f�t�

(
∂��K � �∂��K

)
�x− t, y� dt  �,

SXLVTXH� VHORQ OD TXHVWLRQ � K HVW HOOH�PªPH KDUPRQLTXH�

$LQVL ∂��Φf � ∂��Φf  �.

�� 3RVRQV LFL H  {�x, y� ∈ 5�, y"a}� HWM XQ PDMRUDQW GH f �

3RXU PRQWUHU TX
XQH IRQFWLRQ GH FODVVH C� HVW XQLIRUP©PHQW FRQWLQXH LO VXIILW� VHORQ OH WK©RU¨PH GHV
DFFURLVVHPHQWV ILQLV GH PRQWUHU TXH VHV G©ULY©HV VRQW ERUQ©HV� &H WK©RU¨PH V
DSSOLTXH HIIHFWLYHPHQW VXU
H � SXLV TXH H HVW FRQYH[H�
2Q DSSOLTXH OD IRUPXOH GH /HLEQL]� VHORQ OD TXHVWLRQ �� 2Q D� SRXU �x, y� ∈ H

|∂�Φf �x, y�|  
∣∣∣∣
∫

5
f�t�∂�K�x− t, y� dt

∣∣∣∣  
∣∣∣∣−

�y
π

∫

5
f�t�

�x− t�
��x− t�� � y���

dt

∣∣∣∣

!�y
π
M

∫

5

∣∣∣∣
�x− t�

��x− t�� � y���

∣∣∣∣ dt

�



0RQWURQV TXH FHWWH GHUQL¨UH LQW©JUDOH HVW HQ O��/y� VXU H � 2Q D HQ HIIHW
∫

5

∣∣∣∣
�x− t�

��x− t�� � y���

∣∣∣∣ dt  
∫ x

−∞

x− t

��x− t�� � y���
dt �

∫ �∞

x

t− x

��x− t�� � y���
dt

 
[

�
���x− t�� � y�

]x

−∞
�
[
− �
���x− t�� � y��

]�∞

x

 
�
y�

.

2Q UHSRUWH GDQV O
H[SUHVVLRQ SU©F©GHQWH� FH TXL GRQQH |∂�Φf �x, y�|!
�M
yπ

!�M
aπ

�

&HWWH SUHPL¨UH G©ULY©H HVW GRQF ERUQ©H� 3DVVRQV   OD VHFRQGH�
2Q D FHWWH IRLV

|∂�Φf �x, y�|  
�
π

∫

5
f�t�

|�x− t�� − y�|
��x− t�� � y���

dt

!M

π

∫

5

�x− t�� � y�

��x− t�� � y���
dt  

M

π

∫

5

�
�x− t�� � y�

dt

!M

π

[
�
y
DUFWDQ

t− x

y

]t→�∞

t→−∞
 
M

y
!M

a

&HWWH G©ULY©H HVW ©JDOHPHQW ERUQ©H�
�� 6RLHQW �x, y� ∈ Π�� RQ SHXW ©FULUH

Φf �x, y�  
∫

5
f�t�K�x− t, y� dt  

∫

5
f�x � u�K�u, y� du.

DLQVL TXH |Φf �x, y�− f�x��| �!
∫

5
|f�x � u�− f�x��|K�u, y� du.

2Q SURF¨GH SDU G©FRXSH HQ WURLV GH FHWWH LQW©JUDOH� 2Q FRPPHQFH SDU ©FULUH TXH f HVW FRQWLQXH HQ x�� ,O
H[LVWH DORUV α WHO TXH

∀x ∈ 5, |x− x�| < α⇒ |f�x�− f�x��|!
ε

�
'DQV WRXWH OD VXLWH RQ FRQVLG¨UH x ∈@x�−α/��x� �α/�>, IL[©� 2Q FRPPHQFH SDU ©WXGLHU O
LQW©JUDOH SRXU
x� − α!x � u!x� � α� F
HVW� �GLUH∫

@x�−α−x,x��α−x>
|f�x � u�− f�x��|K�u, y� du!ε

�
,

FDU
∫

5
K�u, y� du  ��

3DVVRQV   O
LQW©JUDOH VXU >x� � α− x, �∞>� 2Q D DORUV x� � α− x > � HW� HQ QRWDQW M  VXS
5

|f |
∫

>x��α−x,�∞>
|�f�x � u�− f�x��|K�u, y� du!�M

π

∫

>x��α−x,�∞>

ydu

u� � y�
,

!M

(
�− �

π
DUFWDQ

x� � α− x

y

)
,

!M

(
�− �

π
DUFWDQ

α

�y

)
.

,O H[LVWH DORUV β ∈
]
��
α

�

[
WHO TXH VL y ∈

]
�� η�

[
DORUV FHWWH GHUQL¨UH LQW©JUDOH HVW LQI©ULHXUH  

ε

�

�



(QILQ� SDU OH PªPH UDLVRQQHPHQW �  G©WDLOOHU�� LO H[LVWH η ∈@�,β> WHO TXH VL x ∈ >x�−η, x��η@ HW y ∈ >�, η@�
DORUV ∫

@−∞�x��α−x@
|�f�x � u�− f�x��|K�u, y� du!ε

�
.

(Q UHJURXSDQW OHV LQW©JUDOHV� SDU VRPPH� LO YLHQW� SRXU �x, y� ∈ Π� WHOV TXH |x− x�|!η HW y!η
|Φf �x, y�− f�x��|!ε.

�D� 2Q SURF¨GH GH PDQL¨UH DQDORJXH   OD TXHVWLRQ ��

�E� 6HORQ OD TXHVWLRQ �� Φf HVW XQLIRUP©PHQW FRQWLQXH VXU Ha  {�x, y� ∈ 5�, y"a}� ,O VXIILW GRQF GH
SURXYHU TXH Φf HVW XQLIRUP©PHQW FRQWLQXH VXU Ba  {�x, y� ∈ 5�, �!y!a}, HQ FKRLVLVVDQW FRQYHQDEOH�
PHQW a�

6RLW α > �� RQ SRVH ε  
α

�
> � GDQV OD TXHVWLRQ SU©F©GHQWH� HW RQ HQ G©GXLW η > �� 2Q SRVH DORUV β  η�

2Q FRQVLG¨UH HQVXLWH �x, y� HW �x′, y′� GDQV Bβ WHOV TXH

|x− x′|!β HW |y − y′|!β.
2Q SHXW DORUV ©FULUH

|Φf �x, y�− Φf �x′, y′�|!|Φf �x, y�− f�x��| � |Φf �x′, y′�− f�x��|!�ε  α.

2Q D GRQF ELHQ O
XQLIRUPH FRQWLQXLW© VXU Bβ � SXLV VXU Ha� DYHF a < β� 'RQF O
XQLIRUPH FRQWLQXLW© VXU
Φ�

7URLVL¨PH SDUWLH
��D�
2Q ©FULW� SRXU �x, y� ∈ Π��

Φf �x, y�  
y

π

∫

5
f�t�

dt

�x− t�� � y�

 
y

π

∫

5
f�x � u�

du

u� � y�
 
y

π
�
∫

5
eiαx

eiαu

u� � y�
du

2Q D GRQF OH U©VXOWDW DYHF

g�y�  
y

π

∫

5

eiαu

u� � y�
du.

��E� 6HORQ OD TXHVWLRQ �� Φf HVW GH FODVVHC∞� HW O
RQ D ∂��Φf �∂��Φf  �.5HPSOD§RQV Φf SDU VD G©ILQLWLRQ�

∂��f�x�g�y� � ∂
�
�f�x�g�y�  �, SRXU WRXW �x, y� ∈ Π��

&RPPH f�x�  eiαx� LO YLHQW� SRXU y > ��

−α�g�y� � g′′�y�  �.

2Q REWLHQW DORUV g�y�  λeαy � µe−αy� DYHF λ HW µ FRQVWDQWHV   G©WHUPLQHU�
6HORQ OD TXHVWLRQ �� Φf HVW XQH IRQFWLRQ XQLIRUP©PHQW FRQWLQXH VXUΠ�� GRQF λ  �� GH SOXV Φf �x, y� WHQG
YHUV f�x� VL y WHQG YHUV �� GRQF µ  �� 2Q D GRQF

Φf �x, y�  eiα�x�iy�.

�



��� $YHF OHV QRWDWLRQV GH OD TXHVWLRQ SU©F©GHQWH� RQ D� VL α  p > ��

ψ�p�  
π

a
g�a� HW ψ�−p�  ψ�p�.

2Q HQ G©GXLW

ψ�p�  
π

a
e−|p|a.

2Q HQ G©GXLW TXH O
LQW©JUDOH
∫ �∞

−∞
e−ipyψ�p� dp FRQYHUJH� HW O
RQ SHXW FDOFXOHU

∫ �∞

�
e−p�a�iy� dp  

[
−�

a � iy
e−p�a�iy�

]�∞

�
 

�
a � iy

.

'¨V ORUV
∫ �∞

−∞
e−ipyψ�p� dp  

[∫ �∞

�
e−ipyψ�p� dp �

∫ �∞

�
e−ip�−y�ψ�−p� dp

]
,

HQ IDLVDQW OH FKDQJHPHQW GH YDULDEOH p "→ −p� 2Q REWLHQW GRQF
∫ �∞

−∞
e−ipyψ�p� dp  

π

a

[
�

a � iy
�

�
a− iy

]

'
R¹ OD U©SRQVH
∫ �∞

−∞
e−ipyψ�p� dp  

�π
x� � a�

.

��D� 6RLW x ∈ 5� RQ ©FULW HQ IDLVDQW OH FKDQJHPHQW GH YDULDEOH u  x � �π − t�

h�x � �π�  
∫

5
f�t�K�x � �π − t, y�� dt  

∫

5
f�x � �π − u�K�u, y�� du.

2Q D f�x � �π − u�  f�x− u�� 2Q HQ FRQFOXW h�x � �π�  h�x�� /D IRQFWLRQ h HVW GRQF �π�S©ULRGLTXH�
��E� 3RXU A ∈ 1� RQ SHXW ©FULUH

∫

5
f�x− t�K�t, x�� dt  OLP

A→�∞

∫ A

−A
f�x− t�K�t, y�� dt,

SXLVTXH FHWWH LQW©JUDOH FRQYHUJH� 2Q D GH SOXV� M ∈ 5��
∣∣∣∣
∫

5\>−A,A@
f�x− t�K�t, y�� dy

∣∣∣∣!M

∫

5\>−A,A@
K�t, y�� dy.

,O \ D GRQF FRQYHUJHQFH XQLIRUPH ORUVTXH A WHQG YHUV �∞� RQ SHXW GRQF LQYHUVHU OD OLPLWH HW O
LQW©JUDOH
VXLYDQWH

ĥ�n�  
�
�π

∫ �π

�
e−inx OLP

A→�∞

(∫ A

−A
f�x−−t�K�t, y�� dt

)
dx

 
�
�π

∫ �π

�
e−inx OLP

A→�∞

(∫ A

−A
f�x−−t�K�t, y�� dt

)
dx

 
�
�π

OLP
A→�∞

∫ A

−A

(∫ �π

�
e−inxf�x− t�dx

)
K�t, y�� dt

/
LQYHUVLRQ GHV LQW©JUDOHV HVW O©JLWLP©H SDU OH WK©RU¨PH GH )XELQL� 2Q VH FRQFHQWUH VXU O
LQW©JUDOH GH �  
�π�

�



�
�π

∫ �π

�
e−inxf�x− t� dx  

�
�π

∫ �π−t

−t
e−inue−intf�u� du  e−intf̂�n�.

2Q UHSRUWH GDQV O
H[SUHVVLRQ GH ĥ�n�� ,O YLHQW�

ĥ�n�  f̂�n�
∫

5
e−intK�t, y�� dt  

π

y�
f̂�n�e−iny�,

VHORQ OD TXHVWLRQ ���

ĥ�n�  
π

y�
f̂�n�e−iny�.

4XDWUL¨PH SDUWLH
��� 2Q XWLOLVH OD TXHVWLRQ �� 0RQWURQV TXH f HVW XQLIRUP©PHQW FRQWLQXH� 6RLW ε > �� 6HORQ O
K\SRWK¨VH

OLP
|x|�→�∞

f�x�  �� LO H[LVWHR > � WHO TXH VL |x| > R� DORUV |f�x�|!ε
�
.2QQRWH GDQV OD VXLWHER  5\>−R�R@�

2Q FRQVLG¨UH DORUV K  >−�R� �R@� $ORUV f HVW FRQWLQXH VXU OH FRPSDFW K� GRQF \ HVW XQLIRUP©PHQW
FRQWLQXH� ,O H[LVWH GRQF η ∈@��R> WHO TXH

∀�x, y� ∈ K�, |x− y|!η ⇒ |f�x�− f�y�|ε
�
6RLHQW DORUV x HW y GDQV 5� WHOV TXH |x − y|�!η� 2Q D DORUV GHX[ FDV� VRLW x HW y VRQW GDQV K� G
R¹
|f�x�− f�y�|!ε� VRLW x HW y VRQW GDQV ER� HW GRQF

|f�x�− f�y�|!|f�x�| � |f�y�|!�ε.

'DQV OHV GHX[ FDV� RQ D OH U©VXOWDW�
��� 2Q SURF¨GH SDU G©FRXSH HQ GHX[� f HVW FRQWLQXH HW FRQYHUJH HQ �∞� 3DU FRQV©TXHQW� f HVW ERUQ©H�
HW O
RQ QRWH M  VXS

5
|f |�

3RXU ε > �� LO H[LVWH A > � WHO TXH |t|"A ⇒ |f�t�|!ε
�
� 2Q D DORUV

∣∣∣∣
∫

5\>−A,A@
f�t�K�x− t, y� dt

∣∣∣∣!
ε

�

∫

5
K�t, y� dt  

ε

�
.

DLQVL TXH� SRXU y"��
∣∣∣∣�
∫ A

−A
f�t�K�x− t, y� dt

∣∣∣∣  
∣∣∣∣
∫ A

−A
f�t�

y

π

�
�x− t�� � y�

dt

∣∣∣∣!
MA

π

�y
�x−A�� � y�

3XLVTXH� HQ SUHQDQW x"A� t "→ �
�x− t�� � y�

HVW G©FURLVVDQWH VXU >−A,A@� 2Q XWLOLVH DORUV OD SURSUL©W©�

YDODEOH SRXU α HW β U©HOV� �αβ!α� � β�� �FDU �!�α− β��  α� � β� − �αβ.�

,O YLHQW DORUV�
∣∣∣∣�
∫ A

−A
f�t�K�x− t, y� dt

∣∣∣∣!
MA

π�x−A�
!ε
�
� SRXU x DVVH] JUDQG� �x"u�"A��

'¨V ORUV ∣∣∣∣
∫

5
f�t�K�x− t, y� dt

∣∣∣∣!ε.

'©WHUPLQRQV PDLQWHQDQW a� 6XSSRVRQV y > � HW x U©HO� 2Q D OHV PªPHV PDMRUDWLRQV TXH SU©F©GHPPHQW�

A ©WDQW IL[© SRXU TXH |t|"A ⇒ |f�t�|!ε
�
.

�



∣∣∣∣�
∫

5\>−A,A@
f�t�K�x− t, y� dt

∣∣∣∣!
ε

�
.

∣∣∣∣�
∫ A

−A
f�t�K�x− t, y� dt

∣∣∣∣!
MA

π

�y
�x−A�� � y�

!�MA

πy
.

&H GHUQLHU PHPEUH SHXW ªWUH UHQGX LQI©ULHXU  
ε

�
VL y HVW DVVH] JUDQG �y"a�� /D UHODWLRQ GH &KDVOHV GRQQH

DORUV

∣∣∣∣
∫

5
f�t�K�x− t, y� dt

∣∣∣∣!ε.

���0RQWURQV TXHΦf �x, y� WHQG YHUV �� ORUVTXH |x|�y WHQG YHUV �∞� 6RLW ε > �� ,O H[LVWH� VHORQ OD TXHVWLRQ

SU©F©GHQWH �u, a� GDQV 5� WHOV TXH� VL y"a RX |x|!u DORUV
∣∣Φf �x, y�

∣∣!ε. 3RVRQV M  � VXS�a, u�� $ORUV�

VL |x|�y"M RQ D |x|"M/�� RX y"M/�� GRQF |x|�"u RX y"a� ,O V
HQVXLW� TXH� GDQV FH FDV�
∣∣Φf �x, y�

∣∣!ε.
(Q FRQV©TXHQFH GH TXRL�

OLP
|x|�y→�∞

Φf �x, y�  �.

��� 2Q QRWH ‖Φ‖ OD QRUPH GH O
DSSOLFDWLRQ f "→ Φf � 3RXU f GDQV E�� RQ D SRXU WRXW �x, y� ∈ Π�

|Φf �x, y�|  
∣∣∣∣�
∫

5
f�t�K�x− t, y� dt

∣∣∣∣!‖f‖∞
∫

5
K�x− t, y� dt  ‖f‖.

2Q HQ WLUH ‖Φ‖!�� &RPPH LO \ D ©JDOLW© GDQV OHV LQ©JDOLW©V SU©F©GHQWHV� SRXU OD IRQFWLRQ x "→ �� RQ HQ
G©GXLW

‖Φ‖  �.

�


