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✶✳ ❖♥ ❛ χM = det(XIn −M) = det
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(XIn −M)⊤
)

= det(XIn −M⊤) = χM⊤ ❞♦♥❝

∀λ ∈ K, λ ∈ (♣(M)⇔ χM(λ) = 0⇔ χM⊤(λ) = 0⇔ λ ∈ (♣
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❈❡❝✐ 3 ♥♦✉( ❢♦✉0♥✐- P ∈ GLn(K) ❡- D ∈Mn(K) ❞✐❛❣♦♥❛❧❡ -❡❧❧❡( 3✉❡ M = PDP−1

❞♦♥❝ M⊤ =
(

P−1
)⊤
D⊤P⊤ =
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P⊤
)−1

DP⊤ ❞✬♦: M⊤
❡(- ❞✐❛❣♦♥❛❧✐(❛❜❧❡

⇒ ✿ ❖♥ (✉♣♣♦(❡ 3✉❡ M⊤
❡(- ❞✐❛❣♦♥❛❧✐(❛❜❧❡✳
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✸✳ ❖♥ ❛ χCQ
(X) = det (XIn − CQ) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

X . . . . . . . . . 0 a0
−1 X . . . . . . 0 a1

0 −1
✳

✳

✳

✳

✳

✳ a2
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ −1 X an−2

0 . . . . . . 0 −1 X + an−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

❖♥ ❡✛❡❝-✉❡ ❛❧♦0( ❧❡( ♦♣=0❛-✐♦♥( =❧=♠❡♥-❛✐0❡( ♣♦✉0 i ❛❧❧❛♥- ❞❡ n− 1 @ 1 ✿ Li ←− Li +XLi+1 ✿

χCQ
(X) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 . . . . . . . . . 0 Q(X)
−1 0 . . . . . . 0 Xn−1 + an−1X

n−2 + · · ·+ a2X+ a1

0 −1
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ −1 0 X2 + an−1X+ an−2

0 . . . . . . 0 −1 X + an−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

❖♥ ❞=✈❡❧♦♣♣❡ ❡♥(✉✐-❡ (❡❧♦♥ ❧❛ ♣0❡♠✐C0❡ ❧✐❣♥❡ ♣♦✉0 ♦❜-❡♥✐0 ✿

χCQ
(X) = (−1)n+1Q(X)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−1 0 . . . . . . 0

0 −1
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ −1 0
0 . . . . . . 0 −1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= (−1)n+1Q(X)(−1)n−1

❆✐♥(✐ Q ❡(- ❧❡ ♣♦❧②♥E♠❡ ❝❛0❛❝-=0✐(-✐3✉❡ ❞❡ CQ

✶✴✶✹



❈❡♥#$❛❧❡ ▼( ❯♥ ❝♦$$✐❣. ❞❡ ▼❛#❤.♠❛#✐2✉❡4 ✶ ✷✵✶✾

✹✳ ❖♥ ❛ (CQ)
⊤ =

















0 1 0 . . . 0

0 0 1
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ 0
0 . . . 0 1
−a0 −a1 . . . −an−1

















✳

❖♥ ❛ χCQ
⊤ = χCQ

= Q ❛✐♥&✐ Q(λ) = 0✳

❙♦✐) X =











x1
x2
✳

✳

✳

xn











∈Mn,1(K)✱

(CQ)
⊤X = λX⇐⇒



































x2 = λx1

x3 = λx2
✳

✳

✳

xn = λxn−1

−a0x1 −. . .− an−1xn = λxn

⇐⇒



































x2 = λx1

x3 = λ2x1
✳

✳

✳

xn = λn−1x1

(−a0 − a1λ− . . .− an−1λ
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✺✳ ⇒ ✿ ❖♥ &✉♣♣♦&❡ 8✉❡ f ❡&) ❝②❝❧✐8✉❡✳

❈❡❝✐ ♥♦✉& ❢♦✉/♥✐) x0 ∈ E )❡❧ 8✉❡ B =
(

x0, f(x0), . . . , f
n−1(x0)

)

&♦✐) ✉♥❡ ❜❛&❡ ❞❡ E

■❧ ❡①✐&)❡ ❛❧♦/& (λ0, λ1, . . . , λn−1) ∈ K
n
)❡❧ 8✉❡ fn(x0) =

n−1
∑

i=0

λif
i(x0)

❏❡ ♣♦&❡ ❛❧♦/& Q = Xn +
n−1
∑

i=0

(−λi)X
i ∈ K[X]

❞❡ &♦/)❡ 8✉❡ Q ❡&) ✉♥✐)❛✐/❡ ❞❡ ❞❡❣/@ n ❡) MB(f) = CQ

⇐ ✿ ❖♥ &✉♣♣♦&❡ 8✉✬✐❧ ❡①✐&)❡ ✉♥❡ ❜❛&❡ B = (e0, e1, . . . en−1) ❞❡ E ❞❛♥& ❧❛8✉❡❧❧❡ ❧❛ ♠❛)/✐❝❡ ❞❡ f ❡&) ❞❡ ❧❛ ❢♦/♠❡

CQ✱ ♦4 Q ❡&) ✉♥ ♣♦❧②♥B♠❡ ✉♥✐)❛✐/❡ ❞❡ ❞❡❣/@ n

❆✐♥&✐ ∀i ∈ [[0, n− 2]], f(ei) = ei+1

❞♦♥❝ (e0, f(e0), f
2(e0), . . . , f

n−1(e0)) ❡&) ✉♥❡ ❜❛&❡ ❞❡ E ❡) ❞♦♥❝ f ❡&) ❝②❝❧✐8✉❡
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⇐ ✿ ❖♥ "✉♣♣♦"❡ '✉❡ f ❡"( ❞✐❛❣♦♥❛❧✐"❛❜❧❡✳ ❈♦♠♠❡ f ❡"( ❝②❝❧✐'✉❡✱

❝❡❝✐ ♥♦✉" ❢♦✉6♥✐( B ✉♥❡ ❜❛"❡ ❞❡ E ❡( Q ∈ K[X] ✉♥✐(❛✐6❡ ❞❡ ❞❡❣67 n (❡❧ '✉❡MB(f) = CQ ❞✬❛♣69" ✺✳

❆✐♥"✐ CQ ❡"( ❞✐❛❣♦♥❛❧✐"❛❜❧❡ ❡( ✐❧ ❡♥ ❡"( ❞❡ ♠<♠❡ ♣♦✉6 CQ
⊤
❞✬❛♣69" ✷

❆✐♥"✐ K
n =

⊕

λ∈ ♣(f)

Eλ

(

CQ
⊤
)

❞✬♦> n =
∑

λ∈ ♣(CQ
⊤)

dim
(

Eλ

(

CQ
⊤
))

♦6 ♦♥ ❛ ∀λ ∈ "♣
(

CQ
⊤
)

, dim
(

Eλ
(

CQ
⊤
))

= 1 ❞✬❛♣69" ✹ ❞♦♥❝
∣

∣

"♣

(

CQ
⊤
)∣

∣ = n

♦6 ❞✬❛♣69" ✶ ✿ "♣

(

CQ
⊤
)

= "♣ (CQ) = "♣ (f)

❞♦♥❝ f ❛❞♠❡( n ✈❛❧❡✉6" ♣6♦♣6❡" ❞✐"(✐♥❝(❡" ❞❛♥" K

❞♦♥❝ χf ❡"( "❝✐♥❞7 "✉6 K ❡( ❛ (♦✉(❡" "❡" 6❛❝✐♥❡" "✐♠♣❧❡"

❆✐♥"✐ f ❡"( ❞✐❛❣♦♥❛❧✐"❛❜❧❡ "✐ ❡( "❡✉❧❡♠❡♥( "✐ χf ❡"( "❝✐♥❞7 "✉6 K ❡( ❛ (♦✉(❡" "❡" 6❛❝✐♥❡" "✐♠♣❧❡"

✼✳ ❖♥ "✉♣♣♦"❡ '✉❡ f ❡"( ❝②❝❧✐'✉❡✳

❙♦✐( (λ0, . . . , λn−1) ∈ K
n
(❡❧ '✉❡

n
∑

i=0

λif
i = 0L(E)✳ ▼♦♥(6♦♥" ∀i ∈ [[0, n− 1]], λi = 0

❈♦♠♠❡ f ❡"( ❝②❝❧✐'✉❡✱ ❝❡❝✐ ♥♦✉" ❢♦✉6♥✐( x ∈ E (❡❧ '✉❡ B = (x, f(x), . . . , fn−1(x)) "♦✐( ✉♥❡ ❜❛"❡ ❞❡ E

❞♦♥❝

n
∑

i=0

λif
i(x) = 0L(E)(x) = 0E

❛✐♥"✐ ∀i ∈ [[0, n− 1]], λi = 0 ❝❛6 B ❡"( ❧✐❜6❡

❆❧♦6" (■❞, f, f2, . . . , fn−1) ❡"( ❧✐❜6❡ ❞❛♥" L(E)

❏❡ ♥♦(❡ d ❧❡ ❞❡❣67 ❞❡ πf ✳ ❉✬❛♣69" ❧❡ ❝♦✉6" ♦♥ ❛ d = dim (K[f ])✳

❖6 (■❞, f, f2, . . . , fn−1) ❡"( ❧✐❜6❡ ❞❛♥" K[f ] ❞♦♥❝ d > n

❞❡ ♣❧✉" ❞✬❛♣69" ❈❛②❧❡②✲❍❛♠✐❧(♦♥✱ ♦♥ ❛ χf ❡"( ❛♥♥✉❧❛(❡✉6 ❞❡ f

❞✬♦> πf | χf ♦6 ❝❡ "♦♥( ❞❡" ♣♦❧②♥K♠❡" ♥♦♥ ♥✉❧" ❛✐♥"✐ ♦♥ ❛ d = deg (πf ) 6 deg (χf ) = n

❛✐♥"✐ n = d ❞✬♦> ❧❡ ♣♦❧②♥K♠❡ ♠✐♥✐♠❛❧ ❞❡ f ❡"( ❞❡ ❞❡❣67 n

❖♥ ♥❡ #❡ #❡$% ♣❛# ❞❡ ❝❡%%❡ *✉❡#%✐♦♥ ♣♦✉$ ♠♦♥%$❡$ ❧❡ %❤1♦$2♠❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧%♦♥ ❞❛♥# ❧❡ ♣❛$❛❣$❛♣❤❡ ■✳❉ *✉✐ #✉✐%✳

■✳❉✳ ❆♣♣❧✐❝❛)✐♦♥ , ✉♥❡ ❞0♠♦♥2)3❛)✐♦♥ ❞✉ )❤0♦35♠❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧)♦♥

✽✳ ❖♥ ♥♦(❡ Nx =
{

m ∈ N
∗
∣

∣

∣
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f i(x)
)

06i6m−1
❧✐❜6❡

}

✳

❖♥ "❛✐( '✉❡ 1 ∈ Nx ❝❛6 x 6= 0E ❡( '✉❡ ∀m > n, m 6∈ Nx ❝❛6 dimE = n

❆✐♥"✐ Nx ❡"( ✉♥❡ ♣❛6(✐❡ ❞❡ N
∗
♥♦♥ ✈✐❞❡ ♠❛❥♦67❡ ♣❛6 n− 1

❞♦♥❝ Nx ❛❞♠❡( ✉♥ ♣❧✉" ❣6❛♥❞ 7❧7♠❡♥( p ∈ N
∗
✳

❆✐♥"✐ ❧❛ ❢❛♠✐❧❧❡
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)

06i6p−1
❡"( ❧✐❜6❡ ❡( ❧❛ ❢❛♠✐❧❧❡

(

f i(x)
)

06i6p
❡"( ❧✐7❡

❖♥ ❛ ❜✐❡♥ ❧✬❡①✐"(❡♥❝❡ ❞❡ p ∈ N
∗
❡( ❞❡ (α0, α1, . . . , αp−1) ∈ K

p
(❡❧" '✉❡ ❧❛ ❢❛♠✐❧❧❡

(x, f(x), f2(x), . . . , fp−1(x)) ❡"( ❧✐❜6❡ ❡( α0x+ α1f(x) + · · ·+ αp−1f
p−1(x) + fp(x) = 0

✾✳ ❖♥ ❛ f
(

❱❡❝((x, f(x), f2(x), . . . , fp−1(x))
)

= ❱❡❝((f(x), f2(x), f3(x), . . . , fp(x)) ❝❛6 f ❧✐♥7❛✐6❡

♦6 fp(x) = −α0x− α1f(x) + · · · − αp−1f
p−1(x) ∈ ❱❡❝((x, f(x), f2(x), . . . , fp−1(x))

❞✬♦> f
(

❱❡❝((x, f(x), f2(x), . . . , fp−1(x))
)

⊂ ❱❡❝((x, f(x), f2(x), . . . , fp−1(x))

❆✐♥"✐ ❱❡❝((x, f(x), f2(x), . . . , fp−1(x)) ❡"( "(❛❜❧❡ ♣❛6 f

✸✴✶✹
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✶✵✳ ❏❡ ♥♦'❡ ❛❧♦*+ f̃ ❧✬❡♥❞♦♠♦*♣❤✐+♠❡ ✐♥❞✉✐' ♣❛* f +✉* ❱❡❝'(x, f(x), f2(x), . . . , fp−1(x))

❉✬❛♣*6+ ❝❡ 7✉✐ ♣*8❝6❞❡ B =
(

x, f(x), f2(x), . . . , fp−1(x)
)

❡+' ✉♥❡ ❜❛+❡ ❞❡ ❱❡❝'(x, f(x), f2(x), . . . , fp−1(x))

❖♥ *❡♠❛*7✉❡ 7✉❡ MB(f̃) = CQ ❡♥ ♥♦'❛♥' Q = α0 + α1X+ · · ·+ αp−1X
p−1 +Xp

❞✬♦; χ
f̃
= Q ♦* χ

f̃
|χf ❝❛* f̃ ✐♥❞✉✐' ♣❛* f

❖♥ ❛ ♠♦♥'*8 7✉❡ Xp + αp−1X
p−1 + · · ·+ α0 ❞✐✈✐+❡ ❧❡ ♣♦❧②♥>♠❡ χf

✶✶✳ ❊♥ *❡♣*❡♥❛♥' ❧❡+ ♥♦'❛'✐♦♥+ ♣*8❝8❞❡♥'❡+✱ ♦♥ ❛ Q(f)(x) = 0 ❡' ✐❧ ❡①✐+'❡ P ∈ K[X] '❡❧ 7✉❡ PQ = χf

❆✐♥+✐ χf (f) = P(f) ◦Q(f) ❞♦♥❝ χ(f)(x) = P(f) [Q(f)(x)] = P(f)(0) = 0 ❝❛* P(f) ❧✐♥8❛✐*❡

❖♥ ❛ ❛✐♥+✐ ♠♦♥'*8 7✉❡ ✿ ∀x ∈ E, χ(f)(x) = 0

♦* χ(f) ∈ L(E) ❞✬♦; χf (f) ❡+' ❧✬❡♥❞♦♠♦*♣❤✐+♠❡ ♥✉❧

■■✳ ❊#✉❞❡ ❞❡' ❡♥❞♦♠♦+♣❤✐'♠❡' ❝②❝❧✐2✉❡'

■■✳❆✳ ❊♥❞♦♠♦(♣❤✐,♠❡, ❝②❝❧✐1✉❡, ♥✐❧♣♦3❡♥3,

✶✷✳ ⇒ ✿ ❖♥ +✉♣♣♦+❡ f ❝②❝❧✐7✉❡ ❛❧♦*+ deg (πf ) = n ❞✬❛♣*6+ ✼

❉❡ ♣❧✉+ ❞✬❛♣*6+ ❧❡ ❝♦✉*+✱ χf = Xn ❝❛* f ♥✐❧♣♦'❡♥'❡

♦* πf |χf +❡❧♦♥ ❈❛②❧❡②✲❍❛♠✐❧'♦♥ ❡' πf ❡+' ✉♥✐'❛✐*❡ ♣❛* ❞8✜♥✐'✐♦♥

❞♦♥❝ πf = Xn

❛✐♥+✐ fn = 0 ❡' ∀i ∈ [[0, n− 1]]✱ f i 6= 0

❞✬♦; r = n

⇐ ✿ ❖♥ +✉♣♣♦+❡ 7✉❡ r = n ❞♦♥❝ fn = 0 ❡' fn−1 6= 0

❈❡❝✐ ♥♦✉+ ❢♦✉*♥✐' x ∈ E '❡❧ 7✉❡ fn−1(x) 6= 0

❙♦✐' λ0, . . . , λn−1 ∈ K '❡❧+ 7✉❡

n−1
∑

i=0

λif
i(x) = 0✳

❖♥ ♠♦♥'*❡ 7✉❡ ∀i ∈ [[0, n− 1]], λi = 0

❖♥ +✉♣♣♦+❡✱ ♣❛* ❧✬❛❜+✉*❞❡✱ 7✉❡ ❧❛ ♣*♦♣*✐8'8 ❡+' ❢❛✉++❡

❏❡ ♥♦'❡ ❛❧♦*+ j ❧❡ ♠✐♥✐♠✉♠ ❞❡ {i ∈ [[0, n− 1]] |λi 6= 0}

❆✐♥+✐ 0 = fn−1−j

(

n−1
∑

i=0

λif
i(x)

)

= fn−1−j





n−1
∑

i=j

λif
i(x)



 = λjf
n−1(x) +

n−1
∑

i=j

λif
n−1+i−j(x)

❖* ∀i > p, f i(x) = 0 ❞♦♥❝ λjf
n−1(x) = 0 ❡' λj 6= 0

❞✬♦; fn−1(x) = 0 ❝❡ 7✉✐ ❡+' ❛❜+✉*❞❡

❆✐♥+✐ (x, f(x), . . . , fn−1(x)) ❡+' ✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜*❡ ❝♦♠♣♦+8❡ ❞❡ n ✈❡❝'❡✉*+ ❞❡ E ❡' dimE = n

❞♦♥❝ (x, f(x), . . . , fn−1(x)) ❡+' ✉♥❡ ❜❛+❡ ❞❡ E

❞♦♥❝ f ❡+' ❝②❝❧✐7✉❡✳

❖♥ ❛ ♠♦♥'*8 7✉❡ f ❡+' ❝②❝❧✐7✉❡ +✐ ❡' +❡✉❧❡♠❡♥' +✐ r = n

❖♥ *❡♠❛*7✉❡ 7✉❡ ❧❛ ♠❛'*✐❝❡ ❝♦♠♣❛❣♥♦♥ ❛++♦❝✐8❡ ❡+' ✉♥✐7✉❡ ❝❛* ❧❡+ ❝♦❡✣❝✐❡♥'+ ❞❡ ❝❡''❡ ♠❛'*✐❝❡+ +♦♥' ❞♦♥♥8+

♣❛* ❝❡✉① ❞✉ ♣♦❧②♥>♠❡ ❝❛*❛❝'8*✐+'✐7✉❡✳

❖♥ +❛✐' 7✉❡ +✐ f ❡+' ❝②❝❧✐7✉❡ ❡' ♥✐❧♣♦'❡♥'❡✱ ❛❧♦*+ χf = Xn

✹✴✶✹
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❛✐♥#✐ ❧❛ ♠❛&'✐❝❡ ❝♦♠♣❛❣♥♦♥ ❞❡ f ❞❛♥# ❝❡ ❝❛# ❡#&























0 . . . . . . . . . 0 0
1 0 . . . . . . 0 0

0 1
✳

✳

✳

✳

✳

✳ 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ 1 0 0
0 . . . . . . 0 1 0























∈Mn(R)

■■✳❇✳

✶✸✳ 1♦✉' k ∈ [[1, p]]✱ (f − λk■❞E)
mk

❡& f ❝♦♠♠✉&❡♥& ❝❛' C[f ] ❡#& ✉♥❡ ❛❧❣5❜'❡ ❝♦♠♠✉&❛&✐✈❡

❞♦♥❝ Fk = Ker((f − λk■❞E)
mk) ❡#& #&❛❜❧❡ ♣❛' f

❖♥ ❛ χf (X) =

p
∏

k=1

(X− λk)
mk

❡& ❧❡# ♣♦❧②♥:♠❡# (X− λk)
mk

#♦♥& ❞❡✉① < ❞❡✉① ♣'❡♠✐❡'# ❡♥&'❡ ❡✉①

❆❧♦'# #❡❧♦♥ ❧❡ ❧❡♠♠❡ ❞❡ ❞>❝♦♠♣♦#✐&✐♦♥ ❞❡# ♥♦②❛✉①✱ ♦♥ ❛

Ker (χf (f)) = Ker((f − λ1■❞E)
m1)⊕ · · · ⊕Ker((f − λp■❞E)

mp) = F1 ⊕ · · · ⊕ Fp

❞❡ ♣❧✉# #❡❧♦♥ ❈❛②❧❡②✲❍❛♠✐❧&♦♥✱ χf (f) = 0 ❡& ❞♦♥❝ Ker (χf (f)) = E

❞✬♦C E = F1 ⊕ · · · ⊕ Fp

✶✹✳ ❙♦✐& x ∈ Fk✳ ❖♥ ❛ (f − λk■❞)
mk(x) = 0

1♦✉' &♦✉& y ∈ Fk✱ ♦♥ ❛ (f − λk■❞)(y) = ϕk(y) ∈ Fk
❛✐♥#✐ ♣♦✉' &♦✉& p ∈ N, (f − λk■❞)

p(x) = ϕpk(x) ♣❛' '>❝✉''❡♥❝❡ ✐♠♠>❞✐❛&❡ #✉' p

❞♦♥❝ ϕmk

k (x) = 0✱ ❝♦♠♠❡ ❝✬❡#& ✈'❛✐ ♣♦✉' &♦✉& x ∈ Fk✱ ♦♥ ❝♦♥❝❧✉& F✉❡ ϕk ❡#& ✉♥ ❡♥❞♦♠♦'♣❤✐#♠❡ ♥✐❧♣♦&❡♥& ❞❡ Fk

✶✺✳ ❉✬❛♣'5# ❧❡ ❝♦✉'#✱ ❧✬✐♥❞✐❝❡ ❞❡ ♥✐❧♣♦&❡♥❝❡ ❞❡ ϕk✱ ❡♥❞♦♠♦'♣❤✐#♠❡ ❞❡ Fk ❡#& ♠❛❥♦'> ♣❛' dimFk

❛✐♥#✐ νk 6 dim(Fk)

✶✻✳ ❏❡ ♥♦&❡ P =

p
∏

i=1

(X− λi)
νi
✳ ❙♦✐& k ∈ [[1, p]]✳ ❙♦✐& x ∈ Fk✳

❖♥ ❛ P(f) =







p
∏

i=1
i 6=k

(X− λi)
νi(f)






◦ (f − λk■❞)

νk

❞♦♥❝ P(f)(x) =







p
∏

i=1
i 6=k

(X− λi)
νi(f)







(

ϕνkk (x)
)

=







p
∏

i=1
i 6=k

(X− λi)
νi(f)






(0) = 0

❞♦♥❝ P(f) ❝♦M♥❝✐❞❡ ❛✈❡❝ ❧✬❡♥❞♦♠♦'♣❤✐#♠❡ ♥✉❧ #✉' ❝❤❛F✉❡ Fk ❡& E = F1 ⊕ · · · ⊕ Fp ❞✬❛♣'5# ✶✸

❞♦♥❝ P(f) = 0

❏❡ ♥♦&❡ d ❧❡ ❞❡❣'> ❞❡ P ❝♦♠♠❡ P ❡#& ✉♥✐&❛✐'❡ ❛❧♦'# (■❞, f, f2, . . . , fd) ❡#& ❧✐>❡

❞♦♥❝ d > n ❝❛' (■❞, f, f2, . . . , fn−1) ❡#& ❧✐❜'❡

♦' d =

p
∑

i=0

νi ❞✬♦C n 6

p
∑

i=0

νi

❖♥ '❡♠❛'F✉❡ < ❧✬❛✐❞❡ ❞❡ ❧❛ F✉❡#&✐♦♥ ✶✹ F✉❡ νk 6 mk ♣♦✉' &♦✉& k ∈ [[1, p]]

❞♦♥❝ n 6

p
∑

k=0

νk 6

p
∑

i=0

mk = n

❛✐♥#✐ ❧❡# ✐♥>❣❛❧✐&># #♦♥& ❞❡# >❣❛❧✐&># ❡& ♣♦✉' &♦✉& k ∈ [[1, p]]✱ ♦♥ ❛ νk = mk

✺✴✶✹



❈❡♥#$❛❧❡ ▼( ❯♥ ❝♦$$✐❣. ❞❡ ▼❛#❤.♠❛#✐2✉❡4 ✶ ✷✵✶✾

✶✼✳ ❈♦♠♠❡ E = F1 ⊕ · · · ⊕ Fp ❞✬❛♣+,- ✶✸ ❡/ ∀k ∈ [[1, p]]✱ νk 6 dimFk ❞✬❛♣+,- ✶✺

♦♥ ❛ ❞♦♥❝ ❛✈❡❝ ❧❛ 6✉❡-/✐♦♥ ♣+9❝9❞❡♥/❡ n =

p
∑

k=1

νk 6

p
∑

k=1

dim(Fk) = n

❈♦♠♠❡ : ❧❛ 6✉❡-/✐♦♥ ♣+9❝9❞❡♥/❡✱ ♦♥ ♦❜/✐❡♥/ ✿ ∀k ∈ [[1, p]]✱ νk = mk = dim (Fk)

ϕk ❡-/ ✉♥ ❡♥❞♦♠♦+♣❤✐-♠❡ ♥✐❧♣♦/❡♥/ ❞❡ Fk ❞✬✐♥❞✐❝❡ νk = mk = dim (Fk)

❞♦♥❝ -❡❧♦♥ ✶✷✱ ϕk ❡-/ ♥✐❧♣♦/❡♥/ ❡/ ❝②❝❧✐6✉❡✳

❝❡❝✐ ♥♦✉- ❢♦✉+♥✐/ ✉♥❡ ❜❛-❡ Bk ❞❡ Fk /❡❧ 6✉❡ MBk
(ϕk) =

























0 0 . . . . . . . . . 0

1 0
✳

✳

✳

✳

✳

✳

0 1 0
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ 0 0
0 . . . . . . 0 1 0

























∈Mmk
(C)

❊♥ ♥♦/❛♥/ fk ❧✬❡♥❞♦♠♦+♣❤✐-♠❡ ✐♥❞✉✐/ ♣❛+ f -✉+ Fk✱

♦♥ ❛ ❛❧♦+- MBk
(fk) =

























λk 0 . . . . . . . . . 0

1 λk
✳

✳

✳

✳

✳

✳

0 1 λk
✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳

✳ λk 0
0 . . . . . . 0 1 λk

























∈Mmk
(C)

❊♥ ❝♦♥❝❛/9♥❛♥/ ❧❡- ❜❛-❡- Bk ♣♦✉+ k ❛❧❧❛♥/ ❞❡ 1 : p

❖♥ ♦❜/✐❡♥/ ✉♥❡ ❜❛-❡ B ❛❞❛♣/9❡ : ❧❛ ❞9❝♦♠♣♦-✐/✐♦♥ ❡♥ -♦♠♠❡ ❞✐+❡❝/❡ E = F1 ⊕ · · · ⊕ Fp

❛✐♥-✐ B = (u1, . . . , un) ❡-/ ✉♥❡ ❜❛-❡ ❞❡ E ❞❛♥- ❧❛6✉❡❧❧❡ f ❛ ✉♥❡ ♠❛/+✐❝❡ ❞✐❛❣♦♥❛❧❡ ♣❛+ ❜❧♦❝- ❞❡ ❢♦+♠❡- ✈♦✉❧✉❡-

❘❡♠❛+6✉❡ ✿ ♣♦✉+ ❧❛ -✉✐/❡ ♦♥ ♣❡✉/ ❞9♠♦♥/+❡+ 6✉❡ ♣♦✉+ ✉♥❡ /❡❧❧❡ ❜❛-❡ ♦♥ ❛ ♥9❝❡--❛✐+❡♠❡♥/ ✿

∀k ∈ [[1, p]], (f − λk■❞)
mk(um1+···+mk−1+1) = 0 ♣✉✐-

∀k ∈ [[1, p]], ∀i ∈ [[1,mk]], um1+···+mk−1+i ∈ Fk

❖♥ ♣❡✉/ ❛✉--✐ -✉♣♣♦-❡+ 6✉❡ ❧✬♦♥ /+❛✈❛✐❧❧❡ ❛✈❡❝ ❧❛ ❜❛-❡ ❝❤♦✐-✐❡✳

✶✽✳ G♦✉+ k ∈ [[1, p]]✱ ♦♥ ❛ um1+···+mk−1+1 ∈ Fk

❛✐♥-✐ ∀i ∈ N, f i(um1+···+mk−1+1) ∈ Fk ❝❛+ Fk -/❛❜❧❡ ♣❛+ f

♣✉✐- ♣♦✉+ /♦✉/ P ∈ C[X]✱ ♦♥ ❛ P(f)(um1+···+mk−1+1) ∈ Fk ❝❛+ Fk ❡-/ -/❛❜❧❡ ♣❛+ ❝♦♠❜✐♥❛✐-♦♥ ❧✐♥9❛✐+❡✳

❊/ ❛✐♥-✐ P(f)(x0) =

p
∑

k=1

P(f)(um1+···+mk−1+1) ❡-/ ❧❛ ❞9❝♦♠♣♦-✐/✐♦♥ ❞❡ P(f)(x0) -✉+ F1 ⊕ · · · ⊕ Fp

❙♦✐/ Q ∈ C[X]✳ ❖♥ ❛ ❞♦♥❝ Q(f)(x0) = 0⇐⇒ ∀k ∈ [[1, p]], Q(f)(ek) = 0

❏❡ ♥♦/❡ ek = um1+···+mk−1+1 ❡/ ♦♥ ❛ Bk = (ek, ϕk(ek), . . . , ϕ
mk−1
k (ek)) ❡-/ ✉♥❡ ❜❛-❡ ❞❡ Fk

❖♥ ❛ ✈✉ 6✉❡ ❧❛ ♠❛/+✐❝❡ ❞❡ ϕk ❞❛♥- ❝❡//❡ ❜❛-❡ ❡-/ CXmk

❞♦♥❝ πϕk
= Xmk

❝❛+ ϕk ❡-/ ❝②❝❧✐6✉❡ ❡/ ♥✐❧♣♦/❡♥/ ❡/ dim(Fk) = mk -❡❧♦♥ ✶✷

∀k ∈ [[1, p]], (f − λk■❞)
mk(um1+···+mk−1+1) = 0 ♣✉✐-

✻✴✶✹
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∀k ∈ [[1, p]], ∀i ∈ [[1,mk]], um1+···+mk−1+i ∈ Fk

 ❛" ❛✐❧❧❡✉"' ♦♥ ♠♦♥+"❡ ❢❛❝✐❧❡♠❡♥+ .✉❡

∀P ∈ C[X],P(ϕk) = 0⇐⇒ P(ϕk)(ek) = 0

❝❛" P(ϕk) ❝♦♠♠✉+❡ ❛✈❡❝ +♦✉+ ϕ
i
k ❡+ .✉❡

(

ϕik(ek)
)

06i<mk
❡'+ ✉♥❡ ❜❛'❡ ❞❡ Fk✳

 ❛" ❛✐❧❧❡✉"' ♦♥ ❛ Q(ϕk) = 0⇐⇒ Xmk |Q ✭♥✐❧♣♦+❡♥+ ❡+ ❝②❝❧✐.✉❡✮

❞♦♥❝ Q(f)(ek) = 0⇐⇒ Q(ϕk + λk■❞Fk
)(ek) = 0⇐⇒ Xmk |Q(X + λk)

❛✐♥'✐ Q(f)(ek) = 0⇐⇒ (X− λk)
mk |Q(X)

❞♦♥❝ ❝♦♠♠❡ ❧❡' (X− λk)
mk

'♦♥+ ❞❡✉① 9 ❞❡✉① ♣"❡♠✐❡"' ❡♥+"❡ ❡✉①✱

♦♥ ❛ ✜♥❛❧❡♠❡♥+ Q(f)(x0) = 0⇐⇒

p
∏

k=1

(X− λk)
mk |Q

✶✾✳ ❙♦✐+ (λi)06i6n−1 ∈ K
n
+❡❧ .✉❡

n−1
∑

i=0

λif
i(x0) = 0 ❏❡ ♥♦+❡ Q =

n−1
∑

i=0

λiX
i
❞❡ '♦"+❡ .✉❡ Q(f)(x0) = 0

❛✐♥'✐

p
∏

k=1

(X− λk)
mk |Q ❞✬❛♣"A' ❧❛ .✉❡'+✐♦♥ ♣"B❝B❞❡♥+❡ ♦" deg(Q) 6 n− 1 < n = deg

(

p
∏

k=1

(X− λk)
mk

)

❞♦♥❝ Q ❡'+ ❧❡ ♣♦❧②♥C♠❡ ♥✉❧ ❡+ ❛✐♥'✐ ∀i ∈ [[0, n− 1]], λi = 0

❞♦♥❝

(

f i(x0)
)

06i6n−1
❡'+ ✉♥❡ ❢❛♠✐❧❧❡ ❧✐❜"❡ ❞❡ n ✈❡❝+❡✉"' ❞❡ E ❡+ n = dimE

❞✬♦D

(

f i(x0)
)

06i6n−1
❡'+ ✉♥❡ ❜❛'❡ ❞❡ E ❝❡ .✉✐ ❥✉'+✐✜❡ .✉❡ f ❡'+ ❝②❝❧✐.✉❡

■■■✳ ❊♥❞♦♠♦'♣❤✐+♠❡+ ❝♦♠♠✉/❛♥/+✱ ❞2❝♦♠♣♦+✐/✐♦♥ ❞❡ ❋'♦❜❡♥✐✉+

✷✵✳ ▲✬❛♣♣❧✐❝❛+✐♦♥ g 7−→ f ◦ g − g ◦ f ❡'+ ✉♥ ❡♥❞♦♠♦"♣❤✐'♠❡ ❞❡ L(E) ❞♦♥+ ❧❡ ♥♦②❛✉ ❡'+ C(f)

❆✐♥'✐ C(f) ❡'+ ✉♥ '♦✉'✲❡'♣❛❝❡ ✈❡❝+♦"✐❡❧ ❞❡ L(E)

❉❡ ♣❧✉'✱ '♦✐+ g ❡+ h ∈ C(f)✳ ❖♥ ❛ (g ◦ h) ◦ f = g ◦ f ◦ h = f ◦ (g ◦ h)

❛✐♥'✐ C(f) ❡'+ '+❛❜❧❡ ♣❛" ◦ ❡+ ✐❧ ❡'+ ❝❧❛✐" .✉❡ ■❞ ∈ C(f)

❆✐♥'✐ C(f) ❡'+ ✉♥❡ '♦✉'✲❛❧❣A❜"❡ ❞❡ L(E)

■■■✳❆✳ ❈♦♠♠✉'❛♥' ❞✬✉♥ ❡♥❞♦♠♦-♣❤✐1♠❡ ❝②❝❧✐5✉❡

✷✶✳ ❖♥ ❛ g(x0) ∈ E ❡+ (x0, f(x0), . . . , f
n−1(x0)) ❡'+ ✉♥❡ ❜❛'❡ ❞❡ E✳

❞✬♦D ❧✬❡①✐'+❡♥❝❡ ❞❡ λ0, λ1, . . . , λn−1 ❞❡ K +❡❧' .✉❡ g(x0) =

n−1
∑

k=0

λkf
k(x0)

✷✷✳ ■❧ '✉✣+ ❞✬B+❛❜❧✐" .✉❡ ❧❡' ❛♣♣❧✐❝❛+✐♦♥' ❧✐♥B❛✐"❡' g ❡+

n−1
∑

k=0

λkf
k
❝♦P♥❝✐❞❡♥+ '✉" ❧❛ ❜❛'❡ (x0, f(x0), . . . , f

n−1(x0))✳

❖♥ ♠♦♥+"❡ ♣❛" "B❝✉""❡♥❝❡ ✐♠♠B❞✐❛+❡ .✉❡ ∀i ∈ N, g ∈ C
(

f i
)

❙♦✐+ i ∈ [[0, n− 1]]✳ ❊♥ ✉+✐❧✐'❛♥+ ✷✶ ❡+ ❧❡ ❢❛✐+ .✉❡ ❧✬❛❧❣A❜"❡ K[f ] ❡'+ ❝♦♠♠✉+❛+✐✈❡

g
(

f i(x0)
)

= f i (g(x0)) = f i

(

n−1
∑

k=0

λkf
k(x0)

)

=
n−1
∑

k=0

λkf
k
(

f i(x0)
)

✼✴✶✹
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❞♦♥❝ g =

n−1
∑

k=0

λkf
k
❡% g ∈ K[f ]

✷✸✳ ❖♥ ✈✐❡♥% ❞✬-%❛❜❧✐1 ❧❡ 2❡♥2 ❞✐1❡❝% ✭❛✈❡❝ ✉♥ ♣♦❧②♥7♠❡ ❞❡ ❞❡❣1- 6 n− 1✮

▲❛ 1-❝✐♣1♦<✉❡ ✈✐❡♥% ❞✉ ❢❛✐% <✉❡ K[f ] ❡2% ✉♥❡ ❛❧❣>❜1❡ ❝♦♠♠✉%❛%✐✈❡ ❡% <✉❡ Kn−1[X] ⊂ K[X] ❡% f ∈ K[f ]✳

❖♥ ❝♦♥❝❧✉% <✉❡

g ∈ C(f) 2✐ ❡% 2❡✉❧❡♠❡♥% 2✬✐❧ ❡①✐2%❡ ✉♥ ♣♦❧②♥7♠❡ R ∈ Kn−1[X] %❡❧ <✉❡ g = R(f)

■■■✳❇✳ ❉$❝♦♠♣♦)✐+✐♦♥ ❞❡ ❋0♦❜❡♥✐✉)

✷✹✳ ❖♥ 2✉♣♣♦2❡ <✉❡ G = F1 ∪ · · · ∪ Fr ❡2% ✉♥ 2♦✉2 ❡2♣❛❝❡ ❞❡ E✳

A❛1 ❧✬❛❜2✉1❞❡✱ ❥❡ 2✉♣♣♦2❡ <✉✬❛✉❝✉♥ ❞❡2 2♦✉2✲❡2♣❛❝❡2 Fi ♥❡ ❝♦♥%✐❡♥% %♦✉2 ❧❡2 ❛✉%1❡2✳

❆✐♥2✐ r > 2 ❡% G 6= {0}✳

▼.#❤♦❞❡ ✶ ✿ ◗✉✐%%❡ G 1-❞✉✐1❡ ❧❡ ♥♦♠❜1❡✱ ♦♥ ♣❡✉% 2✉♣♣♦2❡1 <✉✬❛✉❝✉♥ Fi ♥✬❡2% ✐♥❝❧✉2 ❞❛♥2 ❧❛ 1-✉♥✐♦♥ ❞❡2

❛✉%1❡2✳ ❈❡❧❛ ♥♦✉2 ❢♦✉1♥✐% x1 ∈ F1 <✉✐ ♥✬❡2% ❞❛♥2 ❛✉❝✉♥ ❞❡2 Fi ♣♦✉1 i > 2✳

❙✐♥♦♥✱ F1 6= G ❡% ♦♥ ♣❡✉% ❛✉22✐ %1♦✉✈❡1 y ∈ G \ F1✳

A♦✉1 %♦✉% 2❝❛❧❛✐1❡ λ✱ ♦♥ ❛ y + λx1 6∈ F1 ✭❝❛1 2✐♥♦♥ y ∈ F1✮ ❡% ❛✐♥2✐ y + λx1 ∈ F2 ∪ · · · ∪ Fr✳

▲❛ ❞1♦✐%❡ ❛✣♥❡ y +Kx1 ❡2% ❞♦♥❝ ✐♥❝❧✉2❡ ❞❛♥2 F2 ∪ · · · ∪ Fr ❡% ❝♦♥%✐❡♥% ✉♥❡ ✐♥✜♥✐%- ❞✬-❧-♠❡♥%2

❝❛1 K ❡2% ✐♥✜♥✐ ❡% t ∈ K 7→ y + tx1 ❡2% ✐♥❥❡❝%✐✈❡ ❝❛1 x1 6= 0

❈❡❝✐ ♥♦✉2 ❢♦✉1♥✐% j ∈ [[2, r]] ❡% λ 6= λ′ ❞❛♥2 K %❡❧ <✉❡ y + λx1 ∈ Fj ❡% y + λ′x1 ∈ Fj
❞♦♥❝ x1 ∈ Fj ✭♣❛1 ❝♦♠❜✐♥❛✐2♦♥ ❧✐♥-❛✐1❡✮ ❝❡ <✉✐ ❡2% ❛❜2✉1❞❡

▼.#❤♦❞❡ ✷ ✿ ❈♦♠♠❡ G ❡2% ✉♥ K−❡2♣❛❝❡ ✈❡❝%♦1✐❡❧ ❞❡ ❞✐♠❡♥2✐♦♥ ✜♥✐❡✱ ♦♥ ♣❡✉% ♠✉♥✐1 G ❞✬✉♥❡ ♥♦1♠❡✳

❉❡ ♣❧✉2 ❧❡2 ♥♦%✐♦♥2 %♦♣♦❧♦❣✐<✉❡2 2✉1 G 2♦♥% ✐♥❞-♣❡♥❞❛♥%❡2 ❞✉ ❝❤♦✐① ❞❡ ❧❛ ♥♦1♠❡ ❝❛1 dimG < +∞✳

❈♦♠♠❡ ❧❡2 Fi 2♦♥% ❞❡2 2♦✉2✲❡2♣❛❝❡2 ❞❡ G ❞❡ ❞✐♠❡♥2✐♦♥2 ✜♥✐❡2✱ ❝❡ 2♦♥% ❞❡2 ❢❡1♠-2 ❞❡ G✳

❙♦✐% i ∈ [[1, r]]✳ ❈♦♠♠❡ Fi 6= G✱ ❝❡❧❛ ♥♦✉2 ❢♦✉1♥✐% e ∈ G \ Fi✳

❙♦✐% x ∈ Fi✳ ❖♥ ❛ ❛❧♦12 ✿ ∀p ∈ N
∗, x+ 1

p
e 6∈ Fi

A♦✉1 %♦✉%❡ ❜♦✉❧❡ Bx ❝❡♥%1- ❡♥ x✱ ✐❧ ❡①✐2%❡ p0 ∈ N
∗, x+ 1

p0
e ∈ Bx ❝❛1

(

x+ 1
p0
e
)

p>1
❝♦♥✈❡1❣❡ ✈❡12 x

❆✐♥2✐ 1❡❧❛%✐✈❡♠❡♥% G G✱ ❧❡2 Fi 2♦♥% ❞❡2 ❢❡1♠-2 ❞✬✐♥%-1✐❡✉12 ✈✐❞❡2✳

❉♦♥❝ ♣♦✉1 i ∈ [[1, r]]✱ Ωi = G \ Fi ✉♥ ♦✉✈❡1% ❞❡♥2❡ ❞❛♥2 G

❖♥ ♣♦2❡ Vi =

i
⋂

j=1

Ωj

❖♥ ♠♦♥%1❡ ♣❛1 1-❝✉11❡♥❝❡ ✜♥✐❡ <✉❡ ❧❡2 Vi ✭1 6 i 6 r✮ 2♦♥% ❞❡2 ♦✉✈❡1%2 ♥♦♥ ✈✐❞❡2 ❞❡ G

A♦✉1 ❧✬✐♥✐%✐❛❧✐2❛%✐♦♥ ❝✬❡2% -✈✐❞❡♥% ❝❛1 V1 = Ω1 ❡2% ❞❡♥2❡ ❞❛♥2 G✳

A♦✉1 ❧✬❤-1-❞✐%-✱ ♦♥ 2✉♣♣♦2❡ ♣♦✉1 i < r <✉❡ Vi ❡2% ✉♥ ♦✉✈❡1% ♥♦♥ ✈✐❞❡

♦♥ ❛ Vi+1 = Vi
⋂

Ωi+1 ❡2% ✉♥ ♦✉✈❡1% ✭✐♥%❡12❡❝%✐♦♥ ❞❡ ❞❡✉① ♦✉✈❡1%2✮ ❡% ♥♦♥ ✈✐❞❡ ❝❛1 Vi 6= ∅ ❡% Ωi+1 ❞❡♥2❡

❞♦♥❝ Vr 6= ∅ ❡% Vr = G \





r
⋃

j=1

Fj



 = ∅ ❝❡ <✉✐ ❡2% ❛❜2✉1❞❡

❆✐♥2✐ ❧✬✉♥ ❞❡2 2♦✉2✲❡2♣❛❝❡2 Fi ❝♦♥%✐❡♥% %♦✉2 ❧❡2 ❛✉%1❡2

❘❡♠❛$2✉❡ ✿ A♦✉1 r = 2✱ ✐❧ ❡①✐2%❡ ✉♥❡ ♣1❡✉✈❡ ❝❧❛22✐<✉❡ ♣✉1❡♠❡♥% ❛❧❣-❜1✐<✉❡✳ A♦✉1 ❧❡ ❝❛2 ❣-♥-1❛❧✱ ❧❛ ♣1❡✉✈❡

❞♦✐% ✉%✐❧✐2❡1 ❧❡ ❢❛✐% <✉❡ K ❡2% ✐♥✜♥✐✳

❊♥ ❡✛❡%✱ 2✐ ❥❡ ♣1❡♥❞2 ❧❡ ❝♦1♣2 K = Z/2Z✱ E = K2
✱ F1 = ❱❡❝% ((1, 0))✱ F2 = ❱❡❝% ((0, 1)) ❡% F3 = ❱❡❝% ((1, 1))✳

❖♥ ❛ E = F1
⋃

F2
⋃

F3 ❡% ♣♦✉1%❛♥% ❛✉❝✉♥ ❞❡2 2♦✉2✲❡2♣❛❝❡2 Fi ♥❡ ❝♦♥%✐❡♥% %♦✉2 ❧❡2 ❛✉%1❡2✳

✽✴✶✹
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✷✺✳ ❙♦✐& x ∈ E ❖♥ ❝♦♥*✐❞,-❡ ❧✬❛♣♣❧✐❝❛&✐♦♥ ϕx : P ∈ K[X] 7−→ P(f)(x) ∈ E✳

❈♦♠♠❡ Ix = {P ∈ K[X]/ P(f)(x) = 0} ❡*& ❧❡ ♥♦②❛✉ ❞❡ ❧✬❛♣♣❧✐❝❛&✐♦♥ ❧✐♥7❛✐-❡ ϕx✱

Ix ✉♥ *♦✉* ❣-♦✉♣❡ ❞❡ (K[X],+)

:♦✉- P ∈ Ix ❡& Q ∈ K[X]✱ ♦♥ ❛ QP ∈ Ix

❝❛- (QP)(f)(x) = (Q(f) ◦ P(f)) (x) = Q(f) (P(f)(x)) = 0 ❝❛- Q(f) ∈ L(E)

❞✬♦; Ix ❡*& ✉♥ ✐❞7❛❧ ❞❡ K[X] ❝♦♠♠❡ πf ∈ Ix✱ ❝❡& ✐❞7❛❧ ❡*& ♥♦♥ -7❞✉✐& < {0}

❝❡ =✉✐ ♥♦✉* ❢♦✉-♥✐& πf,x ∈ K[X] ✉♥✐&❛✐-❡ ✭❞♦♥❝ ♥♦♥ ♥✉❧✮ &❡❧ =✉❡ Ix = (πf,x) = {πf,xP |P ∈ K[X]}

❖♥ -❡♠❛-=✉❡ =✉❡ ✿ ∀x ∈ E, πf,x|πf

❙✐ ♦♥ 7❝-✐& πf =

N
∏

k=1

Pαi

i ❞7❝♦♠♣♦*✐&✐♦♥ ❡♥ ❢❛❝&❡✉-* ✐--7❞✉❝&✐❜❧❡*✱ ♦; N ∈ N
∗
✱ ❧❡* Pi *♦♥& ✐--7❞✉❝&✐❜❧❡* ✉♥✐&❛✐-❡*

❡& ❞✐*&✐♥❝&* ❞❡✉① < ❞❡✉① ❡& ❡♥✜♥ ❧❡* αi ∈ N
∗
✳

❆❧♦-* ❧❡ ♥♦♠❜-❡ ❞❡ ❞✐✈✐*❡✉-* ✉♥✐&❛✐-❡* ❞❡ πf ❡*&

N
∏

k=1

(αi + 1)

❆✐♥*✐ ❧✬❡♥*❡♠❜❧❡ {πf,x |x ∈ E} ❡*& ✜♥✐ ❞❡ ❝❛-❞✐♥❛❧ ♥♦&7 r ♦; r ∈ [[1,

N
∏

k=1

(αi + 1)]]

❖♥ ♣❡✉& ❞♦♥❝ ❝❤♦✐*✐- u1, . . . ur ∈ E✱ &❡❧ =✉❡ {πf,x |x ∈ E} = {πf,ui | i ∈ [[1, r]]}

❆✐♥*✐ E =

r
⋃

i=1

ker(πf,ui(f)) ❝❛- ∀x ∈ E, x ∈ ker(πf,x(f))

▲❛ =✉❡*&✐♦♥ ✷✹ ♥♦✉* ❢♦✉-♥✐& i0 ∈ [[1, r]] &❡❧ =✉❡ ker(πf,ui0 (f)) = E

❖♥ ♥♦&❡ x1 = ui0 ❡& ♦♥ ❛ ker(πf,x1(f)) = E

❖♥ -❡♠❛-=✉❡ =✉❡ πf,x1(f) = 0L(E) ❞♦♥❝ πf |πf,x1
♦- πf,x1 |πf ❡& ❝❡ *♦♥& ❞❡* ♣♦❧②♥J♠❡* ✉♥✐&❛✐-❡*

❞♦♥❝ πf,x1 = πf ❋✐♥❛❧❡♠❡♥&

∀P ∈ K[X], P(f)(x1) = 0⇐⇒ πf |P

❡♥ ❢❛✐*❛♥& ❝♦♠♠❡ ❡♥ ✶✾✱ ♦♥ ♠♦♥&-❡ =✉❡ (x1, f(x1), . . . , f
d−1(x1)) ❡*& ❧✐❜-❡

✷✻✳ ❊♥ ❢❛✐*❛♥& ❝♦♠♠❡ ❡♥ ✾✱ ♦♥ ♠♦♥&-❡ =✉❡ E1 ❡*& *&❛❜❧❡ ♣❛- f

❉❡ ♣❧✉*✱ ♦♥ ❛ E1 = {P(f)(x1)/ P ∈ Kd−1[X]} ⊂ {P(f)(x1)/ P ∈ K[X]}

❙♦✐& P ∈ K[X]✳ ❈♦♠♠❡ πf 6= 0✱

❧❡ &❤7♦-,♠❡ ❞❡ ❧❛ ❞✐✈✐*✐♦♥ ❡✉❝❧✐❞✐❡♥♥❡ ♥♦✉* ❢♦✉-♥✐& Q ❡& R ∈ K[X] &❡❧* =✉❡

{

P = Qπf +R
deg(R) < d = deg(πf )

❖♥ ❛ ❛❧♦-* P(f)(x1) = [Q(f) ◦ πf (f)] (x1) + R(f)(x1) = R(f)(x1) ∈ {T(f)(x1)/ T ∈ Kd−1[X]}

❖♥ ❝♦♥❝❧✉& =✉❡ E1 = {P(f)(x1)/ P ∈ K[X]}

✷✼✳ ❉✬❛♣-,* ❝❡ =✉✐ ♣-7❝,❞❡ B = (e1, e2, . . . , ed) ❡*& ✉♥❡ ❜❛*❡ ❞❡ E1✳

❉❡ ♣❧✉* ♦♥ ❛ MB(ψ1) = Cπf ♠❛&-✐❝❡ ❝♦♠♣❛❣♥♦♥ ❞✉ πf ♣♦❧②♥J♠❡ ✉♥✐&❛✐-❡ ❞❡ ❞❡❣-7 d = dim(E1)

❛❧♦-* ❞✬❛♣-,* ✺✱ ψ1 ❡*& ❝②❝❧✐=✉❡

✷✽✳ :♦✉- i ∈ N✱ ♦♥ ♥♦&❡ Fi = Ker
(

Φ ◦ f i
)

❛✐♥*✐ F =
⋂

i∈N

Fi ❡*& ❜✐❡♥ ✉♥ *♦✉*✲❡*♣❛❝❡ ❞❡ E

❉❡ ♣❧✉*✱ ♦♥ ❛ ♣♦✉- i > 1✱ f(Fi) ⊂ Fi−1 ❞♦♥❝

f(F) ⊂ f

(

⋂

i∈N∗

Fi

)

⊂
⋂

i∈N∗

f (Fi) ⊂
⋂

i∈N∗

Fi−1 = F

✾✴✶✹
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❞✬♦# F ❡%& %&❛❜❧❡ ♣❛+ f

❙♦✐& u ∈ E1 ∩ F✳

❈♦♠♠❡ u ∈ E1✱ ❝❡❧❛ ♥♦✉+ ❢♦✉-♥✐/ λ1, . . . , λd ∈ K /❡❧+ 0✉❡ u =

d
∑

k=1

λkek

♦- Φ(x) = λd ❡/ Φ(f0(x)) = 0 ❝❛- u ∈ F✱ ❞♦♥❝ λd = 0 ❞✬♦3 u =
d−1
∑

k=1

λkek

♣✉✐+ f(u) =
d−1
∑

k=1

λkek+1 ❡/ ❞♦♥❝ λd−1 = 0 ❡/ f(u) =

d−2
∑

k=1

λkek+1

❊♥ -6✐/6-❛♥/ ❧❡ ♣-♦❝6❞6✱ ♦♥ /-♦✉✈❡ λd−2 = . . . = λ1 = 0

❞♦♥❝ u = 0

▲✬❛✉/-❡ ✐♥❝❧✉+✐♦♥ 6/❛♥/ 6✈✐❞❡♥/❡✱ ♦♥ ❛ E1 ∩ F = {0} ❞✬♦3 E1 ❡/ F +♦♥/ ❡♥ +♦♠♠❡ ❞✐-❡❝/❡

✷✾✳ ❏❡ ♥♦/❡ Ψ1 ❧✬❛♣♣❧✐❝❛/✐♦♥ ❧✐♥6❛✐-❡ ✐♥❞✉✐/❡ ♣❛- Ψ ❡♥/-❡ E1 ❡/ K
d
✳

❙♦✐/ x ∈ Ker(Ψ1)✳

❖♥ ❛ x ∈ E1 ❡/ Φ(x) = Φ(f(x)) = · · · = Φ(fd−1(x)) = 0✳

❊♥ ❢❛✐+❛♥/ ❝♦♠♠❡ > ❧❛ 0✉❡+/✐♦♥ ♣-6❝6❞❡♥/❡✱ ♦♥ ♦❜/✐❡♥/ x = 0

▲✬❛✉/-❡ ✐♥❝❧✉+✐♦♥ 6/❛♥/ 6✈✐❞❡♥/❡✱ ♦♥ ❛ Ker(Ψ1) = {0}

❆✐♥+✐ Ψ1 ❡+/ ✉♥❡ ❛♣♣❧✐❝❛/✐♦♥ ❧✐♥6❛✐-❡ ✐♥❥❡❝/✐✈❡ ❡♥/-❡ E1 ❡/ K
d

♦- dim(E1) = d = dim(Kd)

❊♥ ✉/✐❧✐+❛♥/ ❧❡ /❤6♦-C♠❡ ❞✉ -❛♥❣✱ ♦♥ ♦❜/✐❡♥/ 0✉❡ Ψ1 ❡+/ +✉-❥❡❝/✐✈❡ ♣✉✐+ ❜✐❥❡❝/✐✈❡

❆✐♥+✐ Ψ ✐♥❞✉✐/ ✉♥ ✐+♦♠♦-♣❤✐+♠❡ ❡♥/-❡ E1 ❡/ K
d

✸✵✳ ❉❡ ❧❛ 0✉❡+/✐♦♥ ♣-6❝6❞❡♥/❡✱ ♦♥ ♠♦♥/-❡ 0✉❡ Ψ ❡+/ +✉-❥❡❝/✐✈❡ ❞❡ E ✈❡-+ K
d

❡/ 0✉❡ ker(Ψ)
⋂

E1 = {0}✳

❆✐♥+✐ dim (E1) = d = rg (Ψ) ❡/ dim(E) = dim (ker(Ψ)) + rg(Ψ) = dim (ker(Ψ)) + dim (E1)

❞♦♥❝ E = E1 ⊕Ker(Ψ)

❖♥ ❛ KerΨ =
d−1
⋂

i=0

Fi ✭❧❡+ Fi +♦♥/ ✐♥/-♦❞✉✐/+ ❡♥ ✷✽✮ ♦♥ ❛ ❞♦♥❝ F ⊂ KerΨ

❙♦✐/ x ∈ Ker(Ψ)✳ ▼♦♥/-♦♥+ 0✉❡ x ∈ F

❙♦✐/ i ∈ N✳ ■❧ +✉✣/ ❞✬6/❛❜❧✐- 0✉❡ Φ(f i(x)) = 0

▲❡ /❤6♦-C♠❡ ❞❡ ❧❛ ❞✐✈✐+✐♦♥ ❡✉❝❧✐❞✐❡♥♥❡ ♥♦✉+ ❢♦✉-♥✐/ Q ❡/ R ∈ K[X] /❡❧ 0✉❡ deg(R) < d ❡/ Xi = Qπf +R✳

❖♥ ♣❡✉/ 6❝-✐-❡ R =
d−1
∑

k=0

akX
k
✳ ❖♥ ❛ ❝♦♠♠❡ ❡♥ ✷✻ ❡/ ❝❛- Φ ❡+/ ❧✐♥6❛✐-❡

Φ(f i(x)) = Φ (0) + Φ (R(f)(x)) = 0 +

d−1
∑

k=0

akΦ
(

fk(x)
)

= 0

❛✐♥+✐ F ⊃ KerΨ ❞✬♦3 F = KerΨ

♦♥ ❝♦♥❝❧✉/ 0✉❡ E = E1 ⊕ F

✸✶✳  !"❛♠❜✉❧❡ ✿ ❆✈❛♥/ ❞❡ ❝♦♠♠❡♥❝❡- ❧❛ ❝♦♥+/-✉❝/✐♦♥ ♣❛- -6❝✉--❡♥❝❡✱ ♦♥ -❡♠❛-0✉❡ 0✉❡ ❞❛♥+ ❝❡ 0✉✐ ♣-6❝C❞❡ ❧❡

♣♦❧②♥Q♠❡ ♠✐♥✐♠❛❧ ❞❡ f ❡+/ ❝❡❧✉✐ ❞❡ ψ1 ❡/ ❞♦♥❝ 0✉❡ ∀x ∈ F, πψ1
(f)(x) = 0

■♥✐-✐❛❧✐.❛-✐♦♥ ✿ ❖♥ ♣-❡♥❞ E1✱ F ❡/ ψ1 ❝♦♠♠❡ ❝✐ ❞❡++✉+✳

❖♥ ❛ E1 +/❛❜❧❡ ♣❛- F ❡/ ψ1 ❝②❝❧✐0✉❡✳

❖♥ ♣♦+❡ P1 = πf = πψ1
✱ G1 = F ❞❡ +♦-/❡ 0✉❡ E1 ⊕G1 = E

❖♥ ❛ ∀x ∈ G1, P1(f)(x) = 0

✶✵✴✶✹
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❍.$.❞✐#. ✿ ❙♦✐# k ∈ N
∗
✳

❖♥ '✉♣♣♦'❡ ❛✈♦✐- ❧✬❡①✐'#❡♥❝❡ ❞❡ k '♦✉'✲❡'♣❛❝❡' ✈❡❝#♦-✐❡❧' ❞❡ E✱ ♥♦#5' E1, . . . ,Ek ❡# Gk #♦✉' '#❛❜❧❡' ♣❛- f ✱
#❡❧' 7✉❡

✖ E = E1 ⊕ · · · ⊕ Ek ⊕Gk ❀

✖ ♣♦✉- #♦✉# 1 6 i 6 k✱ ❧✬❡♥❞♦♠♦-♣❤✐'♠❡ ψk ✐♥❞✉✐# ♣❛- f '✉- ❧❡ '♦✉'✲❡'♣❛❝❡ ✈❡❝#♦-✐❡❧ Ei ❡'# ❝②❝❧✐7✉❡ ❀

✖ '✐ ♦♥ ♥♦#❡ Pi ❧❡ ♣♦❧②♥=♠❡ ♠✐♥✐♠❛❧ ❞❡ ψi✱ ❛❧♦-' Pi+1 ❞✐✈✐'❡ Pi ♣♦✉- #♦✉# ❡♥#✐❡- i #❡❧ 7✉❡ 1 6 i 6 k− 1

✖ ∀x ∈ Gk, Pk(f)(x) = 0

❙✐ dimGk = 0✱ ♦♥ '✬❛-->#❡ ❡# ♦♥ ♣♦'❡ r = k

❙✐♥♦♥✱ ♦♥ ❛♣♣❧✐7✉❡ ✷✹ A ✸✵ A ❧✬❡♥❞♦♠♦-♣❤✐'♠❡ ✐♥❞✉✐# ♣❛- f '✉- Gk

❖♥ ♦❜#✐❡♥# ❛❧♦-' Ek+1✱ Gk+1 '♦✉' ❡'♣❛❝❡' '#❛❜❧❡' ♣❛- f ❡# ❧❡ ♣♦❧②♥=♠❡ Pk+1 #❡❧' 7✉❡

✖ E = E1 ⊕ · · · ⊕ Ek+1 ⊕Gk+1 ❀

✖ ❧✬❡♥❞♦♠♦-♣❤✐'♠❡ ψk+1 ✐♥❞✉✐# ♣❛- f '✉- ❧❡ '♦✉'✲❡'♣❛❝❡ ✈❡❝#♦-✐❡❧ Ek+1 ❡'# ❝②❝❧✐7✉❡ ❀

✖ '✐ ♦♥ ♥♦#❡ Pk+1 ❧❡ ♣♦❧②♥=♠❡ ♠✐♥✐♠❛❧ ❞❡ ψk+1✱ ❛❧♦-' Pk+1 ❞✐✈✐'❡ Pk

✖ ∀x ∈ Gk+1, Pk+1(f)(x) = 0

❖♥ ❛ ❛✐♥'✐ ❧❛ ❝♦♥'#-✉❝#✐♦♥ ✈♦✉❧✉❡ ❛✉ -❛♥❣ k✳

❈♦♥❝❧✉4✐♦♥ ✿ ❈❡##❡ ❝♦♥'#-✉❝#✐♦♥ ❛❧❣♦-✐#❤♠✐7✉❡ '✬❛-->#❡ ❝❛- A ❝❤❛7✉❡ 5#❛♣❡ dim(Ek) 6 1 ❡# ❞♦♥❝ r 6 dim(E)✳
❝❛- (dimGk)k ❡'# ✉♥❡ '✉✐#❡ A ✈❛❧❡✉-' ❞❛♥' N '#-✐❝#❡♠❡♥# ❞5❝-♦✐''❛♥#❡✳

❖♥ ♦❜#✐❡♥# ❛✐♥'✐ ❧❡ -5'✉❧#❛# ✈♦✉❧✉✳

❖♥ ❡♥ ❞5❞✉✐# 7✉✬✐❧ ❡①✐'#❡ r '♦✉'✲❡'♣❛❝❡' ✈❡❝#♦-✐❡❧' ❞❡ E✱ ♥♦#5' E1, . . . ,Er✱ #♦✉' '#❛❜❧❡' ♣❛- f ✱ #❡❧' 7✉❡ ✿

✖ E = E1 ⊕ · · · ⊕ Er ❀

✖ ♣♦✉- #♦✉# 1 6 i 6 r✱ ❧✬❡♥❞♦♠♦-♣❤✐'♠❡ ψi ✐♥❞✉✐# ♣❛- f '✉- ❧❡ '♦✉'✲❡'♣❛❝❡ ✈❡❝#♦-✐❡❧ Ei ❡'# ❝②❝❧✐7✉❡ ❀

✖ '✐ ♦♥ ♥♦#❡ Pi ❧❡ ♣♦❧②♥=♠❡ ♠✐♥✐♠❛❧ ❞❡ ψi✱ ❛❧♦-' Pi+1 ❞✐✈✐'❡ Pi ♣♦✉- #♦✉# ❡♥#✐❡- i #❡❧ 7✉❡ 1 6 i 6 r − 1✳

■■■✳❈✳ ❈♦♠♠✉&❛♥& ❞✬✉♥ ❡♥❞♦♠♦,♣❤✐0♠❡ 1✉❡❧❝♦♥1✉❡

✸✷✳ ❏❡ -❡♣-❡♥❞' ❧❡' ♥♦#❛#✐♦♥' ❞❡ ❧❛ 7✉❡'#✐♦♥' ♣-5❝5❞❡♥#❡ ♣♦✉- ❧❛ ❞5❝♦♠♣♦'✐#✐♦♥ ❞❡ ❋-♦❜❡♥✐✉' ❞❡ f ✳

❏❡ ♥♦#❡ Λ ❧✬❛♣♣❧✐❝❛#✐♦♥ #❡❧❧❡ 7✉❡ ♣♦✉- (g1, . . . , gr)L(E1) × · · · × L(Er)✱ ♦♥ ❛ Λ(g1, . . . , gr) ❞5✜♥✐ '✉- E ♣❛-

Λ(g1, . . . , gr)(x) = g1(x1) + · · · gr(xr) ♦J x =
r

∑

k=1

xk ❡# ❧❡' xk ∈ Ek

❆✐♥'✐ ❞5✜♥✐❡✱ Λ ❡'# ❧✐♥5❛✐-❡ ❞❡ L(E1)× · · · × L(Er) A ✈❛❧❡✉-' ❞❛♥' L(E)

❉❡ ♣❧✉' ♦♥ ♠♦♥#-❡ ❢❛❝✐❧❡♠❡♥# 7✉❡ Λ ❡'# ✐♥❥❡❝#✐✈❡ ❡# 7✉❡ Λ (C(ψ1)× · · · × C(ψr)) ⊂ C(f)

❆✐♥'✐ dim (C(f)) > dim (C(ψ1)× · · · × C(ψr)) = dim (C(ψ1)) + · · ·+ dim (C(ψr))

♦- ♣♦✉- i ∈ [[1, r]]✱ ❡♥ ♥♦#❛♥# ni = dimEi ♦♥ ❛ C(ψi) = Vect(ψ0
i , ψ

1
i , . . . , ψ

ni−1
i ) ❞✬❛♣-O' ✷✸ ❞✉ ■■■✳❆

❈♦♠♠❡ ψi ❡'# ❝②❝❧✐7✉❡ ❛❧♦-' (ψ
0
i , ψ

1
i , . . . , ψ

ni−1
i ) ❡'# ❧✐❜-❡ ❞✬❛♣-O' ✼

❞♦♥❝ dim (C(ψi)) = ni = dim (Ei) ❞✬♦J

dim (C(ψ1)) + · · ·+ dim (C(ψr)) = dim (E1) + · · ·+ dim (Er) = dim (E1 ⊕ · · · ⊕ Er) = dim(E) = n

❆✐♥'✐ ❧❛ ❞✐♠❡♥'✐♦♥ ❞❡ C(f) ❡'# '✉♣5-✐❡✉-❡ ♦✉ 5❣❛❧❡ A n

✸✸✳ ❖♥ ♥♦#❡ d = deg (πf )✳ ❉✬❛♣-O' ❧❡ ❝♦✉-'✱ ♦♥ ❛ dim (K[f ]) = d

♦- K[f ] = C(f) ❡# dimC(f) > n ❞♦♥❝ d > n✳

❖- ♦♥ ❛ πf |χf ❝♦♠♠❡ ❝♦♥'57✉❡♥❝❡ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧#♦♥ ❛✐♥'✐ d 6 n

❞♦♥❝ d = n

❖- ❡♥ -❡♣-❡♥❛♥# ❧❡' ♥♦#❛#✐♦♥' ♣-5❝5❞❡♥#❡'✱ ♦♥ ❛ dim(E1) = d = n

❉♦♥❝ E1 = E ❡# ψ1 = f ♦- ψ1 ❡'# ❝②❝❧✐7✉❡

❛✐♥'✐ f ❡'# ❝②❝❧✐7✉❡

✶✶✴✶✹


