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 ♦✉# ❣❛❣♥❡# ❞✉ )❡♠♣,✱ ♦♥ ♥♦)❡#❛ Sn = Sn(R)✱ An = An(R)✱ Mn = Mn(R)✱ Gn,p = Gn,p(R) ❡) ❧❛ ♥♦#♠❡
✷ ❞❡, ♠❛)#✐❝❡, ,❡#❛ ♥♦)2❡ ‖ ‖ )♦✉) ,✐♠♣❧❡♠❡♥)✳

■ ❘"#✉❧&❛&# ♣)"❧✐♠✐♥❛✐)❡#

■✳❆ ✲ ❉✐&'❛♥❝❡ ❞❡ A - As

■✳❆✳✶✮ ▲✬2♥♦♥❝2 ♥♦✉, #❛♣♣❡❧❧❡ 6✉❡ Mn = Sn+An ❡) Sn ∩An = {0}✱ ❞♦♥❝ Sn ❡) An ,♦♥) ,✉♣♣❧2♠❡♥)❛✐#❡,✳

❙✐ S ∈ Sn ❡) A ∈ An✱ tr(A
TB) = tr((ATB)T ) = tr(BTA) = − tr(BA) = − tr(AB)✱ ❞✬♦8 〈A,B〉 = 0✱

❞♦♥❝ Sn ❡) An ,♦♥) ♦#)❤♦❣♦♥❛✉①✳ ❈❧❛,,✐6✉❡♠❡♥)✱ dimSn = n(n+1)
2 ❡) dimAn = n(n−1)

2 ✳

■✳❆✳✷✮ A − S = As − S + Aa✱ ❛✈❡❝ As − S ♦#)❤♦❣♦♥❛❧ = Aa ❞♦♥❝ ‖A − S‖2 = ‖As − S‖2 + ‖Aa‖2✱ ❞✬♦8
‖A−As‖ 6 ‖A− S‖ ❛✈❡❝ 2❣❛❧✐)2 ,✐ ❡) ,❡✉❧❡♠❡♥) ,✐ S = As✳

■✳❇ ✲ ❱❛❧❡✉2& ♣2♦♣2❡& ❞❡ As

■✳❇✳✶✮ ❙♦✐) (V1, . . . , Vn) ✉♥❡ ❜❛,❡ ♦#)❤♦♥♦#♠❛❧❡ ❞❡ ✈❡❝)❡✉#, ♣#♦♣#❡, ❝♦❧♦♥♥❡, ❞❡ A✱ ♣♦✉# ❧❡, ✈❛❧❡✉#, ♣#♦♣#❡,

λ1, . . . , λn✱ ♣♦,✐)✐✈❡, ♣❛# ❤②♣♦)❤@,❡✳ ❙♦✐) X ∈ Mn,1 6✉❡ ❧✬♦♥ ❞2❝♦♠♣♦,❡ ❞❛♥, ❝❡))❡ ❜❛,❡ ,♦✉, ❧❛

❢♦#♠❡ X =
∑n

i=1 xiVi✳ ❆❧♦#, X
TAsX =

∑n

i=1 λix
2
i > 0✳

■♥✈❡#,❡♠❡♥)✱ ,✐ ∀X, XTAsX > 0✱ ♦♥ ❧✬❛♣♣❧✐6✉❡ = ✉♥ ✈❡❝)❡✉# ♣#♦♣#❡ Vi ❡) ♦♥ ♦❜)✐❡♥) λi > 0✱ ❞✬♦8
❧✬26✉✐✈❛❧❡♥❝❡✳

❊♥ #❡♠♣❧❛E❛♥) ❧❡, ✐♥2❣❛❧✐)2, ❧❛#❣❡, ♣❛# ❞❡, ✐♥2❣❛❧✐)2, ,)#✐❝)❡,✱ ♦♥ ♦❜)✐❡♥) ❞❡ ♠F♠❡ ❧❛ ,❡❝♦♥❞❡ 26✉✐✈✲

❛❧❡♥❝❡✳

■✳❇✳✷✮ ❖♥ ✉)✐❧✐,❡#❛ ❞❛♥, ❧❛ ,✉✐)❡ ❧❡ #2,✉❧)❛) ,✉✐✈❛♥) ✿ ,✐ A ❡,) ✉♥❡ ♠❛)#✐❝❡ ❛♥)✐,②♠2)#✐6✉❡ #2❡❧❧❡ ❡) X ✉♥

✈❡❝)❡✉# ❝♦❧♦♥♥❡✱ ❛❧♦#, XTAX = 0✳ ❊♥ ❡✛❡)✱ XTAX = (XTAX)T = XT (−A)X✱ ❞✬♦8 XTAX = 0✳

❖♥ ❧✬❛♣♣❧✐6✉❡ = ✉♥ ✈❡❝)❡✉# ♣#♦♣#❡ ❞❡ A ♣♦✉# ❧❛ ✈❛❧❡✉# ♣#♦♣#❡ λ ✿ XTAX = XTAsX = λ‖X‖2 ❡)
XTAX = XTAsX✳ ❆✈❡❝ ❧❡, ♥♦)❛)✐♦♥, ❞✉ ❇✳✶ ✭❞❛♥, ✉♥❡ ❜❛,❡ ♦#)❤♦♥♦#♠❛❧❡ ❞❡ ✈❡❝)❡✉#, ♣#♦♣#❡,

❞❡ As)✱ X =
∑n

i=1 xiVi✱ ❞✬♦8 XTAsX =
∑n

i=1 λix
2
i ❡) ‖X‖2 =

∑n

i=1 x
2
i ✱ ❞✬♦8 min Sp

R
(As)‖X‖2 6

XTAsX 6 maxSp
R
(As)‖X‖2✱ ❞✬♦8 min Sp

R
(As) 6 λ 6 maxSp

R
(As)✳

■✳❇✳✸✮ a) ❉✬❛♣#@, ❧❡ )❤2♦#@♠❡ ,♣❡❝)#❛❧✱ ✐❧ ❡①✐,)❡ P ♦#)❤♦❣♦♥❛❧❡ ❡) D = Diag(λ1, . . . , λn) )❡❧❧❡, 6✉❡ As =
PDP−1

❡) ❧❡, λi ,♦♥) ,)#✐❝)❡♠❡♥) ♣♦,✐)✐❢, ❞✬❛♣#@, ❇✳✶✳ ❖♥ ♥♦)❡ B ❧❛ ♠❛)#✐❝❡ P Diag(
√
λ1, . . . ,

√
λn)P

−1
✳

❆❧♦#, B ❡,) ,②♠2)#✐6✉❡✱ ❞2✜♥✐❡ ♣♦,✐)✐✈❡ ❞✬❛♣#@, ❇✳✶✱ ❡) B2 = As✳

▲✬✉♥✐❝✐)2 ❡,) ❝❧❛,,✐6✉❡ ❡) ❡,) ,♦✉✈❡♥) ♣#♦♣♦,2❡ ❝♦♠♠❡ ❝♦♠♣❧2♠❡♥) ❞❡ ❝♦✉#,✳

b) A = As + Aa = B(In + B−1AaB
−1)B✳ ❖♥ ♣♦,❡ Q = B−1AaB

−1
✱ Q ❡,) ❛♥)✐,②♠2)#✐6✉❡ ❡)

detA = (detB)2 det(In +Q) = detAs det(In +Q)✳

c) ❙♦✐) Q ∈ An✳ ❉✬❛♣#@, ❇✳✷✱ ❧❛ ,❡✉❧❡ ✈❛❧❡✉# ♣#♦♣#❡ #2❡❧❧❡ ♣♦,,✐❜❧❡ ❞❡ Q ❡,) ✵ ❡) −Q2
❡,) ,②♠2)#✐6✉❡

♣♦,✐)✐✈❡ ❝❛# XTQ2X = −‖QX‖2 6 0✱ ❞♦♥❝ ❡♥ )#✐❣♦♥❛❧✐,❛♥) Q✱ ♦♥ ❡♥ ❞2❞✉✐) 6✉❡ ❝❤❛6✉❡ ✈❛❧❡✉#
♣#♦♣#❡ ♥♦♥ ♥✉❧❧❡ ❞❡ Q ❡,) ✐♠❛❣✐♥❛✐#❡ ♣✉# ❝❛# ,♦♥ ❝❛##2 ❡,) #2❡❧ ♥2❣❛)✐❢✳

❙✐ λ ❡,) ✐♠❛❣✐♥❛✐#❡ ♣✉#✱ (1 + λ)(1 + λ) > 1✳ ❈♦♠♠❡ ❧❡ ❞2)❡#♠✐♥❛♥) ❡,) ❧❡ ♣#♦❞✉✐) ❞❡, ✈❛❧❡✉#,
♣#♦♣#❡, ✭❝♦♠♣)2❡, ❛✈❡❝ ♠✉❧)✐♣❧✐❝✐)2✮✱ ♦♥ ❡♥ ❞2❞✉✐) ❡♥ ❣#♦✉♣❛♥) ❝❤❛6✉❡ ✈❛❧❡✉# ♣#♦♣#❡ ❛✈❡❝ ,♦♥

❝♦♥❥✉❣✉2 ✭♠F♠❡ ♦#❞#❡ ❞❡ ♠✉❧)✐♣❧✐❝✐)2 ✮ 6✉❡ det(In+Q) > 1✱ ♦# detAs > 0✱ ❞✬♦8 detA > detAs✳

■✳❇✳✹✮ ▲❛ ♠❛)#✐❝❡ B = A(A−1)sA
T
❡,) ,②♠2)#✐6✉❡ ❡) A(A−1)aA

T
❡,) ❛♥)✐,②♠2)#✐6✉❡✳ A−1 = (A−1)s +

(A−1)a✱ ❞✬♦8 B = AT−A(A−1)aA
T
✱ ❞✬♦8 AT = B+A(A−1)aA

T
✳ ❖# AT = As−Aa✱ ❞✬♦8 ♣❛# ✉♥✐❝✐)2

❞❡ ❧❛ ❞2❝♦♠♣♦,✐)✐♦♥✱ As = B = A(A−1)sA
T
✳ ❖♥ ❡♥ ❞2❞✉✐) det(As) = det(A) det((A−1)s) det(A

T ) =
(detA)2 det((A−1)s)✳

✶







■✳❈ ✲ $❛&'✐❡ *②♠-'&✐.✉❡ ❞❡* ♠❛'&✐❝❡* ♦&'❤♦❣♦♥❛❧❡*

■✳❈✳✶✮ ❙♦✐# λ ✉♥❡ ✈❛❧❡✉* ♣*♦♣*❡ ❞❡ As ❡# X ✉♥ ✈❡❝#❡✉* ♣*♦♣*❡ ❛..♦❝✐/✳ ❖♥ ❛ XTAX = XTAsX +
XTAaX = XTAsX = λ‖X‖2✱ ♦* |XTAX| = | 〈X,AX〉 | 6 ‖X‖ ‖AX‖ ♣❛* ❈❛✉❝❤②✲❙❝❤✇❛*③✱ ❞✬♦:

|XTAX| 6 ‖X‖2✱ ❞✬♦: |λ| 6 1✱ ❞✬♦: λ ∈ [−1, 1]✳

■✳❈✳✷✮ ❙✐ A = Rθ =

(

cos θ − sin θ
sin θ cos θ

)

✱ As = (cos θ)I2 ❞♦♥❝ SpAs = {cos θ}✳ ❙✐ A = Sα =

(

cosα sinα
sinα cosα

)

✱

As = A ❡# SpAs = {−1, 1}✳

;♦✉* ❛✈♦✐* ✉♥ ❝♦♥#*❡✲❡①❡♠♣❧❡✱ ✐❧ .✉✣# ❞❡ ♣*❡♥❞*❡ S =

(

λ 0
0 µ

)

❛✈❡❝ 0 < λ < 1 ❡# −1 < µ < 0✳

■✳❈✳✸✮ a) ;❛* #❤/♦*?♠❡ .♣❡❝#*❛❧✱ ❡♥ ❣*♦✉♣❛♥# ❧❡. ✈❛❧❡✉*. ♣*♦♣*❡. ❞✐.#✐♥❝#❡. ❞❡ ±1 ♣❛* ❞❡✉①✱ ✐❧ ❡①✐.#❡ P

♦*#❤♦❣♦♥❛❧❡ #❡❧❧❡ A✉❡ S = PDP−1
❛✈❡❝ D = Diag(λ1I2, . . . , λkI2, Ip,−Iq)✳

;♦✉* #♦✉# i✱ ✐❧ ❡①✐.#❡ θi #❡❧ A✉❡ λi = cos θi✳ ❖♥ ♣♦.❡ As = P∆P−1
❛✈❡❝∆ = Diag(Rθ1 , . . . , Rθk , Ip,−Iq)

❡# Aa = PBP−1
❛✈❡❝ B = Diag(Bθ1 , . . . , Bθk , 0) ❛✈❡❝ Bθ =

(

0 − sin θ
sin θ 0

)

✳ ❖♥ ❛ ❜✐❡♥

As = S✱ ❧❛ ♠❛#*✐❝❡ Aa ❡.# ❛♥#✐.②♠/#*✐A✉❡ ❡# A = As +Aa ❡.# ♦*#❤♦❣♦♥❛❧❡✳

b) ;❛* ❧❡ #❤/♦*?♠❡ ❞❡ */❞✉❝#✐♦♥ ❞❡. ♠❛#*✐❝❡. ♦*#❤♦❣♦♥❛❧❡.✱ ✐❧ ❡①✐.#❡ P ♦*#❤♦❣♦♥❛❧❡ #❡❧❧❡ A✉❡ P−1AP =
Diag(Rθ1 , . . . , Rθk , Ip,−Iq)✳ ❖♥ ❡♥ ❞/❞✉✐# As = P Diag((cos θ1)I2, . . . , (cos θk)I2, Ip,−Iq)P

−1
✱

♦* As = S ❞✬♦: Sp
R
S ⊂ {−1, 1}✳ ▲❡. ✈❛❧❡✉*. ♣*♦♣*❡. ❞❡ S ❛✉#*❡. A✉❡ ±1 ❛♣♣❛*❛✐..❡♥# ♣❛*

❞❡✉① ❞❛♥. ❧❛ ❢♦*♠❡ ❞✐❛❣♦♥❛❧✐./❡✱ ❞♦♥❝ ❧❡. ❡.♣❛❝❡. ♣*♦♣*❡. ❛..♦❝✐/. .♦♥# ❞❡ ❞✐♠❡♥.✐♦♥ ♣❛✐*❡ ✭❧❛

❞✐♠❡♥.✐♦♥ ❡.# /❣❛❧❡ F ❧✬♦*❞*❡ ❞❡ ♠✉❧#✐♣❧✐❝✐#/ ❝❛* S ❡.# ❞✐❛❣♦♥❛❧✐.❛❜❧❡✮✳

■■ ▼❛#$✐❝❡( F−(✐♥❣✉❧✐-$❡(

■■✳❆ ✲ ❈❛* ♦8 ❋ ❡*' ✉♥ ❤②♣❡&♣❧❛♥

■■✳❆✳✶✮ ❙♦✐# X ✉♥ ✈❡❝#❡✉* ❝♦❧♦♥♥❡ ♥♦♥ ♥✉❧✳ ❖♥ ❛ ❧✬/A✉✐✈❛❧❡♥❝❡ ✿ AX = 0 ⇐⇒ ∀Z ∈ En, Z
TAX = 0✱ ❞♦♥❝

A ❡.# .✐♥❣✉❧✐?*❡ .✐ ❡# .❡✉❧❡♠❡♥# .✐ A ❡.# En✲.✐♥❣✉❧✐?*❡✳

■■✳❆✳✷✮ ❈♦♠♠❡ H ❡.# ✉♥ ❤②♣❡*♣❧❛♥✱ H⊥ = VectN ✳

❙✐ A ❡.# H✲.✐♥❣✉❧✐?*❡✱ ✐❧ ❡①✐.#❡ X ♥♦♥ ♥✉❧ #❡❧ A✉❡ AX ∈ H⊥
✱ ❞✬♦: ❧✬❡①✐.#❡♥❝❡ ❞✬✉♥ */❡❧ λ #❡❧ A✉❡

AX = λN ✳

■♥✈❡*.❡♠❡♥#✱ .✐ AX = λN ✱ ❛❧♦*. AX ∈ H⊥
✱ ❞✬♦: A ❡.# H✲.✐♥❣✉❧✐?*❡✳

■■✳❆✳✸✮ ❙✐ A ❡.# H✲.✐♥❣✉❧✐?*❡✱ ♦♥ /❝*✐# AX = λN ✱ ❞❡ .♦*#❡ A✉❡ AN

(

X

−λ

)

=

(

AX − λN

NTX

)

= 0✱ ♦* X ❡.#

♥♦♥ ♥✉❧✱ ❞♦♥❝ AN ❡.# .✐♥❣✉❧✐?*❡✳

▲❡ *❛✐.♦♥♥❡♠❡♥# .❡ *❡♠♦♥#❡ ✿ .✐ AN ❡.# .✐♥❣✉❧✐?*❡✱ ✐❧ ❡①✐.#❡ Y =

(

X

α

)

♥♦♥ ♥✉❧ #❡❧ A✉❡ ANY = 0✱

❞✬♦: AX = −αN ❡# X ♦*#❤♦❣♦♥❛❧ F N ✱ ❞❡ ♣❧✉. X 6= 0 ✭❝❛* .✐♥♦♥✱ α = 0 ❞✬♦: Y = 0✮✱ ❞♦♥❝ A ❡.#

H✲.✐♥❣✉❧✐?*❡✳

■■✳❆✳✹✮ ❆✈❡❝ ❧❡. ♥♦#❛#✐♦♥. ❞❡ ❧✬/♥♦♥❝/✱ ANB =

(

AB1 +NB3 AB2 +NB4

NTB1 NTB2

)

✳

❖♥ ♣♦.❡ B1 = A−1
✱ B2 = −A−1N ✱ B4 = 1 ❡# ♦♥ ❝❤♦✐.✐# ♣♦✉* B3 ✉♥ ✈❡❝#❡✉* ❧✐❣♥❡ ♦*#❤♦❣♦♥❛❧ F N ✳

❖♥ ♦❜#✐❡♥# ❛❧♦*. ANB =

(

In 0
NTA−1

1 −NTA−1N

)

✳

■■✳❆✳✺✮ ❆✈❡❝ ❧❡. ♥♦#❛#✐♦♥. ♣*/❝/❞❡♥#❡.✱ B

(

In N

0 1

)

=

(

A−1 0
∗ 1

)

✳ ❊♥ ❝❛❧❝✉❧❛♥# ❧❡ ❞/#❡*♠✐♥❛♥# ♣❛* ❜❧♦❝.✱

detB = det(A−1)✳ ❉✬❛✉#*❡ ♣❛*#✱ det(ANB) = −NTA−1N ✱ ❞✬♦: detAN = −NTA−1N(detA)✳

■■✳❆✳✻✮ ;❛* ❤②♣♦#❤?.❡✱ ✐❧ ❡①✐.#❡ N ∈ En ♥♦♥ ♥✉❧ #❡❧ A✉❡ (A−1)sN = 0✱ ❞✬♦: NTA−1N = NTA−1
s N = 0✱

❞✬♦: detAN = 0✳ ❉✬❛♣*?. ❆✳✸✱ A ❡.# H✲.✐♥❣✉❧✐?*❡✱ ♦: H ❡.# ❧✬❤②♣❡*♣❧❛♥ ♦*#❤♦❣♦♥❛❧ F N ✳

■■✳❆✳✼✮ ❙✐ detAs = 0✱ ❞✬❛♣*?. ■✳❇✳✹✱ .❛❝❤❛♥# A✉❡ detA 6= 0✱ ♦♥ ❛ det((A−1)s) = 0✱ ❞♦♥❝ ♦♥ ♣❡✉# ❛♣♣❧✐A✉❡*

❧❛ A✉❡.#✐♦♥ ♣*/❝/❞❡♥#❡✳

✷



■■✳❆✳✽ ❙✐ A "#❛✐# H✲&✐♥❣✉❧✐+,❡ ♣♦✉, ✉♥ ❝❡,#❛✐♥ ❤②♣❡,♣❧❛♥ H✱ ❡♥ ♥♦#❛♥# N ✉♥ ✈❡❝#❡✉, ✉♥✐#❛✐,❡ ♦,#❤♦❣♦♥❛❧ 5

H✱ ✐❧ ❡①✐&#❡,❛✐# X ♥♦♥ ♥✉❧ ❞❛♥& H ❡# λ ,"❡❧ #❡❧& 8✉❡ AX = λN ✱ ❞✬♦: XTAsX = XTAX = λXTN =
0✱ ♦, As ❡&# ❞"✜♥✐❡ ♣♦&✐#✐✈❡✱ ❞♦♥❝ X = 0 ✿ ❝♦♥#,❛❞✐❝#✐♦♥✳

■■✳❇ ✲ ❊①❡♠♣❧❡

■■✳❇✳✶✮ ❆♣,+& ❝❛❧❝✉❧✱ detA(µ) = 1 ❞♦♥❝ A(µ) ❡&# ✐♥✈❡,&✐❜❧❡✳

■■✳❇✳✷✮ A(µ)s =





2− µ −1 1
2µ

−1 2− µ 1
2µ− 1

1
2µ

1
2µ− 1 1



 detA(µ)s = 1
2µ

3 − 3
2µ

2 + 1 = 1
2 (µ − 1)(µ2 − 2µ − 2)✳ ❖♥ ❡♥

❞"❞✉✐# 8✉❡ A(µ)s ❡&# &✐♥❣✉❧✐+,❡ &✐ ❡# &❡✉❧❡♠❡♥# &✐ detA(µ)s = 0✱ ❝✬❡&#✲5✲❞✐,❡ µ ∈ {1, 1−
√
3, 1+

√
3}✳

■■✳❇✳✸✮ A = A(1) =





1 −1 1
−1 1 0
0 −1 1





❆♣,+& ❝❛❧❝✉❧✱ A−1 =





1 0 −1
1 1 −1
1 1 0





❞✬♦: (A−1)s =





1 1
2 0

1
2 1 0
0 0 0





✳

❉✬❛♣,+& ❆✳✺✱ ♦♥ ❝❤❡,❝❤❡ N ♥♦♥ ♥✉❧ ❛♣♣❛,#❡♥❛♥# 5 Ker(A−1)s✱ ❧❡ ✈❡❝#❡✉, ❝♦❧♦♥♥❡ N =





0
0
1





❝♦♥✈✐❡♥#✱

❞✬♦: ❧✬❤②♣❡,♣❧❛♥ H ❞✬"8✉❛#✐♦♥ z = 0✳ ❙✐ X =





x

y

0



 ∈ H✱ AX =





x− y

−x+ y

−y





✱ ❞♦♥❝ ❧❡ ✈❡❝#❡✉,

X =





1
1
0





❛♣♣❛,#✐❡♥# 5 H ❡# AX = −N ✱ ❞♦♥❝ A ❡&# H✲&✐♥❣✉❧✐+,❡✳

■■✳❈ ✲ ❈❛, ♦. F ❡,/ ❞❡ ❞✐♠❡♥,✐♦♥ n− 2

■■✳❈✳✶✮ A ❡&# F ✲&✐♥❣✉❧✐+,❡ ⇐⇒ ∃X ∈ F \ {0}, AX ∈ F⊥ ⇐⇒ ∃X ∈ F \ {0}, ∃(λ1, λ2) ∈ R
2, AX =

λ1N1 + λ2N2✳

■■✳❈✳✷✮ ❙✐A ❡&# F ✲&✐♥❣✉❧✐+,❡✱ ♦♥ "❝,✐# AX = λ1N1+λ2N2✱ ❞❡ &♦,#❡ 8✉❡ AN





X

−λ1

−λ2



 =





AX − λ1N1 − λ2N2

NT
1 X

NT
2 X



 = 0✱

♦, X ❡&# ♥♦♥ ♥✉❧✱ ❞♦♥❝ AN ❡&# &✐♥❣✉❧✐+,❡✳

▲❡ ,❛✐&♦♥♥❡♠❡♥# &❡ ,❡♠♦♥#❡ ✿ &✐ AN ❡&# &✐♥❣✉❧✐+,❡✱ ✐❧ ❡①✐&#❡ Y =





X

α

β





♥♦♥ ♥✉❧ #❡❧ 8✉❡ ANY = 0✱

❞✬♦: AX = −αN1 − βN2 ❡# X ♦,#❤♦❣♦♥❛❧ 5 N1 ❡# 5 N2 ❞♦♥❝ X ∈ H✱ ❞❡ ♣❧✉& X 6= 0 ✭❝❛, &✐♥♦♥✱

α = β = 0 ❝❛, (N1, N2) ❡&# ❧✐❜,❡✱ ❞✬♦: Y = 0✮✱ ❞♦♥❝ A ❡&# F ✲&✐♥❣✉❧✐+,❡✳

■■✳❈✳✸✮ ▲❛ ❞"♠❛,❝❤❡ ❡&# ❛♥❛❧♦❣✉❡ 5 ❝❡❧❧❡ ❞❡ ❧❛ 8✉❡&#✐♦♥ ■■✳❆✳✹✳

❖♥ ♣♦&❡ B1 = A−1
✱ B2 = −A−1N =

(

−A−1N1 −A−1N2

)

✱ B4 = I2 ❡# ♦♥ ❝❤♦✐&✐# B3 =

(

L1

L2

)

❛✈❡❝

Li ✈❡❝#❡✉, ❧✐❣♥❡ ♦,#❤♦❣♦♥❛❧ 5 Ni ♣♦✉, i ∈ {1, 2}✳ ❖♥ ♦❜#✐❡♥# ❛❧♦,& ❧❡ ,"&✉❧#❛# ❛##❡♥❞✉✳

■■✳❈✳✹✮ ❈♦♠♠❡ ❛✉ ■■✳❆✳✺✱ B

(

In N

0 1

)

=

(

A−1 0
∗ 1

)

❞✬♦: detB = det(A−1)✳ ❉✬❛✉#,❡ ♣❛,#✱ det(ANB) =

det(−NTA−1N) = det(NTA−1N)✱ ❞✬♦: detAN = det(NTA−1N) detA✳

■■✳❈✳✺✮ ❙♦✐# P ∈ Gn,2 #❡❧ 8✉❡ det(PTA−1P ) = 0✳ ❊♥ #,❛♥&♣♦&❛♥#✱ ♦♥ ♦❜#✐❡♥# det(PT (A−1)
T
P ) = 0✳

❖♥ ♣♦&❡ P ′ = (A−1)
T
P ✱ 8✉✐ ❛♣♣❛,#✐❡♥# 5 Gn,2 ❝❛, A ❡&# ✐♥✈❡,&✐❜❧❡✳ ❆❧♦,& P ′TAP ′ = PTA−1A(A−1)

T
P =

PT (A−1)
T
P ❞✬♦: det(P ′TAP ′) = 0✳ ▲✬✐♠♣❧✐❝❛#✐♦♥ ✐♥✈❡,&❡ ❡&# ✐❞❡♥#✐8✉❡ ❡♥ ❝❤❛♥❣❡❛♥# A ❡♥ A−1

✳

■■✳❈✳✻✮ N ′TAN ′ =

(

N ′
1
T

N ′
2
T

)

(

AN ′
1 AN ′

2

)

=

(

N ′
1
T
AN ′

1 N ′
1
T
AN ′

2

N ′
2
T
AN ′

1 N ′
2
T
AN ′

2

)

✳

det(N ′TAN ′) = (N ′
1
T
AN ′

1)(N
′
2
T
AN ′

2)− (N ′
2
T
AN ′

1)(N
′
1
T
AN ′

2)✳

✸



❖! N ′
2
T
AN ′

1 = N ′
2
T
AsN

′
1 +N ′

2
T
AaN

′
1 = N ′

1
T
AsN

′
2 −N ′

1
T
AaN

′
2 ❡♥ $!❛♥&♣♦&❛♥$✳

N ′
1
T
AN ′

2 = N ′
1
T
AsN

′
2 +N ′

1
T
AaN

′
2✳

❊♥ ♠✉❧$✐♣❧✐❛♥$✱ ♦♥ ♦❜$✐❡♥$ (N ′
2
T
AN ′

1)(N
′
1
T
AN ′

2) = (N ′
1
T
AsN

′
2)

2 − (N ′
1
T
AaN

′
2)

2
✳

❈♦♠♠❡ N ′
1
T
AN ′

1 = N ′
1
T
AsN

′
1✱ ♦♥ ❡♥ ❞3❞✉✐$ 4✉❡ ✿

det(N ′TAN ′) = (N ′
1
T
AsN

′
1)(N

′
2
T
AsN

′
2)− (N ′

1
T
AsN

′
2)

2 + (N ′
1
T
AaN

′
2)

2
✳

■■✳❈✳✼✮ ❈♦♠♠❡ As ❡&$ ❞3✜♥✐❡ ♣♦&✐$✈❡✱ ❧✬❛♣♣❧✐❝❛$✐♦♥ (X,Y ) 7→ XTAsY ❡&$ ✉♥ ♣!♦❞✉✐$ &❝❛❧❛✐!❡ &✉! E2 ✿ ✐❧

&✉✣$ ♣♦✉! ❧❡ ❥✉&$✐✜❡! ❞✬♦!$❤♦❞✐❛❣♦♥❛❧✐&❡! As ❞❛♥& ✉♥❡ ❜❛&❡ (V1, V2) ❡$ ❞✬3❝!✐!❡ X = x1V1 + x2V2

♣♦✉! ♦❜$❡♥✐! XTAsX = λ1x
2
1 + λ2x

2
2 ❛✈❡❝ λ1 ❡$ λ2 ✈❛❧❡✉!& ♣!♦♣!❡& ❞❡ As &$!✐❝$❡♠❡♥$ ♣♦&✐$✐✈❡&✳

>❛! ❈❛✉❝❤②✲❙❝❤✇❛!③ ❛♣♣❧✐4✉3 D ❝❡ ♣!♦❞✉✐$ &❝❛❧❛✐!❡✱ ♦♥ ❡♥ ❞3❞✉✐$ 4✉❡ (N ′
1
T
AsN

′
2)

2 < (N ′
1
T
AsN

′
1)(N

′
2
T
AsN

′
2)✱

❧✬✐♥3❣❛❧✐$3 &$!✐❝$❡ ✈❡♥❛♥$ ❞✉ ❢❛✐$ 4✉❡ N ′
1 ❡$ N

′
2 ♥❡ &♦♥$ ♣❛& ❝♦❧✐♥3❛✐!❡&✳

❖♥ ❡♥ ❞3❞✉✐$ 4✉❡ det(N ′TAN ′) > 0 ♣♦✉! N ′ =
(

N ′
1 N ′

2

)

∈ Gn,2✳

❊♥ ❛♣♣❧✐4✉❛♥$ ❧❛ 4✉❡&$✐♦♥ ❈✳✺✱ ♦♥ ❡♥ ❞3❞✉✐$ 4✉❡ det(NTA−1N) > 0 ♣♦✉! $♦✉$ N ∈ Gn,2✳

■■✳❈✳✽ ❉✬❛♣!H& ❧❡& 4✉❡&$✐♦♥& ❈✳✼ ❡$ ❈✳✹✱ &✐ F ❡&$ ❞❡ ❞✐♠❡♥&✐♦♥ n− 2✱ detAN > 0✱ ❞♦♥❝ A ❡&$ F ✲!3❣✉❧✐H!❡✳

■■✳❉ ✲ ❊①❡♠♣❧❡

■■✳❉✳✶✮ As =





1 −1 1
2

−1 1 − 1
2

1
2 − 1

2 1





✱ ♦♥ ❝❤♦✐&✐$ N ′
1 =





1
1
0





❛♣♣❛!$❡♥❛♥$ D KerAs✳ Aa =





0 0 1
2

0 0 1
2

− 1
2 − 1

2 0





✳

❖♥ ❝❤❡!❝❤❡ N ′
2 =





x

y

z





♥♦♥ ❝♦❧✐♥3❛✐!❡ D N ′
1 $❡❧ 4✉❡ N ′T

1 AsN
′
2 = N ′T

1 AaN
′
2 = 0✳ ▲❛ ❝♦♥❞✐$✐♦♥

N ′T
1 AsN

′
2 = 0 ❡&$ ✈3!✐✜3❡ ✭✐❧ &✉✣$ ❞❡ $!❛♥&♣♦&❡!✮ ❡$ ❧❛ &❡❝♦♥❞❡ ❝♦♥❞✐$✐♦♥ &❡ $!❛❞✉✐$ ♣❛! z = 0✱

♦♥ ❝❤♦✐&✐$ ❞♦♥❝ N ′
2 =





x

y

0





❛✈❡❝ x 6= y✱ ♣❛! ❡①❡♠♣❧❡ N ′
2 =





1
−1
0





✳ ❉✬❛♣!H& ❈✳✻✱ ♦♥ ❛ ❛❧♦!&

det(N ′TAN ′) = 0✳

■■✳❉✳✷✮ ❖♥ ♣♦&❡ ❛❧♦!& N = ATN ′ =





0 2
0 −2
1 0





✳ ❉✬❛♣!H& ❈✳✺✱ det(NTA−1N) = det(N ′TAN ′) = 0✳

❉✬❛♣!H& ❈✳✹✱ det(AN ) = 0✱ ❞♦♥❝ F = Vect(N1, N2)
⊥
❡&$ $❡❧ 4✉❡ A ❡&$ F ✲&✐♥❣✉❧✐H!❡✳

■❝✐✱ F = Vect





1
1
0





❡$ A





1
1
0



 =





0
0
−1



 = −N1✱ ❝❡ 4✉✐ ❝♦♥✜!♠❡ 4✉❡ A ❡&$ F ✲&✐♥❣✉❧✐H!❡✳

■■✳❊ ✲ ❈❛, ❣.♥.0❛❧

■■✳❊✳✶✮ ❖♥ &❡ ♣❧❛❝❡ $♦✉❥♦✉!& ❞❛♥& ❧❡ ❝❛& ♦Q A ❡&$ ✐♥✈❡!&✐❜❧❡✳

❖♥ ♥♦$❡ (N1, . . . , Np) ✉♥❡ ❜❛&❡ ❞❡ F
⊥
❡$ N ❧❛ ♠❛$!✐❝❡

(

N1 . . . Np

)

4✉✐ ❛♣♣❛!$✐❡♥$ D Gn,p✳

❊♥ ♣♦&❛♥$ N ′ = (A−1)
T
N ✱ ♦♥ ❛ ❜✐❡♥ N ′ ∈ Gn,p ❡$ N

′TAN ′ = NT (A−1)
T
N = (NTA−1N)T ✱ ❞✬♦Q

det(N ′ATN ′) = det(NTA−1N)✳
❊♥ &✉✐✈❛♥$ ❧❛ ♠R♠❡ ❞3♠❛!❝❤❡ 4✉✬❛✉ ■■✳❆ ❡$ ■■✳❈✱ ♦♥ ✈♦✐$ 4✉❡ A ❡&$ F ✲&✐♥❣✉❧✐H!❡ &✐ ❡$ &❡✉❧❡♠❡♥$ &✐

AN =

(

A N

NT 0

)

❡&$ &✐♥❣✉❧✐H!❡✳ ❊♥ ✐♥$!♦❞✉✐&❛♥$ ❝♦♠♠❡ ❛✉ ■■✳❆ ❡$ ■■✳❈ ✉♥❡ ♠❛$!✐❝❡ B ❥✉❞✐❝✐❡✉&❡✱

♦♥ ♦❜$✐❡♥$ 4✉❡ det(AN ) = det(−NTA−1N) det(A)✱ ❞♦♥❝ A ❡&$ F ✲&✐♥❣✉❧✐H!❡ &✐ ❡$ &❡✉❧❡♠❡♥$ &✐

det(N ′ATN ′) = 0✳

■■✳❊✳✷✮ ❖♥ ♦❜&❡!✈❡ ❞✬❛❜♦!❞ 4✉❡ N ′ ∈ Mn,p ❡&$ ❞❡ !❛♥❣ p ❞♦♥❝ ❡&$ ✐♥❥❡❝$✐✈❡ ♣❛! $❤3♦!H♠❡ ❞✉ !❛♥❣✳

❈♦♠♠❡ N ′TAaN
′
❡&$ ❛♥$✐&②♠3$!✐4✉❡✱ XTN ′TAN ′X = XTN ′TAsN

′X = (N ′X)TAs(N
′X) > 0

❝❛! As ∈ S++
n ❡$ N ′X 6= 0 ❝❛! X 6= 0 ❡$ N ′

✐♥❥❡❝$✐✈❡✳

■■✳❊✳✸✮ ❙✐ λ ❡&$ ✈❛❧❡✉! ♣!♦♣!❡ !3❡❧❧❡ ❞❡ N ′TAN ′
♣♦✉! ✉♥ ✈❡❝$❡✉! ♣!♦♣!❡ X✱ ♦♥ ❛ XTN ′TAN ′X = λ‖X‖2

❡$ XTN ′TAN ′X > 0 ❞✬❛♣!H& ❊✳✷✱ ❞♦♥❝ λ > 0✳

✹



■■✳❊✳✹✮ ❖♥ ♣❡✉% ❣'♦✉♣❡' ❝❤❛,✉❡ ✈❛❧❡✉' ♣'♦♣'❡ ♥♦♥ '/❡❧❧❡ ❞❡ N ′TAN ′
❛✈❡❝ 1❛ ❝♦♥❥✉❣✉/❡ ✭❧❡1 ❞❡✉① ❛②❛♥%

♠7♠❡ ♦'❞'❡ ❞❡ ♠✉❧%✐♣❧✐❝✐%/✮✱ ❧❡ ♣'♦❞✉✐% ❡1% ❞♦♥❝ ✉♥ '/❡❧ > 0✳ ❈♦♠♠❡ ❧❡1 ✈❛❧❡✉'1 ♣'♦♣'❡1 '/❡❧❧❡1
1♦♥% > 0 ❞✬❛♣'>1 ❊✳✸✱ ❡% ,✉❡ ❧❡ ❞/%❡'♠✐♥❛♥% ❡1% ❧❡ ♣'♦❞✉✐% ❞❡1 ✈❛❧❡✉'1 ♣'♦♣'❡1 ✭❝♦♠♣%/❡1 ❛✈❡❝

♠✉❧%✐♣❧✐❝✐%/✮✱ ♦♥ ❡♥ ❞/❞✉✐% ,✉❡ det(N ′TAN ′) > 0✳

■■✳❊✳✺✮ ❉✬❛♣'>1 ❊✳✶ ❡% ❊✳✹✱ A ❡1% F ✲'/❣✉❧✐>'❡ ♣♦✉' %♦✉% 1♦✉1✲❡1♣❛❝❡ ✈❡❝%♦'✐❡❧ F 6= {0}✳

■■■ ▼❛#$✐❝❡( ♣♦(✐#✐✈❡♠❡♥# (#❛❜❧❡(

■■■✳❆ ✲ ❊①❡♠♣❧❡*

■■■✳❆✳✶✮ χA(X) = X2 − (trA)X +detA✳ ❖♥ ♥♦%❡ λ ❡% µ ❧❡1 ✈❛❧❡✉'1 ♣'♦♣'❡1✱ /✈❡♥%✉❡❧❧❡♠❡♥% ❝♦♥❢♦♥❞✉❡1✱ ❞❡
A✳ ❖♥ ❛ λ+ µ = trA ❡% λµ = detA✳

❙✐ λ ❡% µ 1♦♥% '/❡❧❧❡1✱ ❡❧❧❡1 1♦♥% 1%'✐❝%❡♠❡♥% ♣♦1✐%✐✈❡1 1✐ ❡% 1❡✉❧❡♠❡♥% 1✐ ❧❡✉' 1♦♠♠❡ ❡% ❧❡✉' ♣'♦❞✉✐%

❧❡ 1♦♥%✱ ❝✬❡1%✲G✲❞✐'❡ trA > 0 ❡% detA > 0✳

❙✐♥♦♥✱ µ ❡1% ❝♦♥❥✉❣✉/ ❞❡ λ ❡% λµ = detA > 0✱ ❞♦♥❝ Re(λ) = 1
2 trA✳ ❉✬♦H ❧✬/,✉✐✈❛❧❡♥❝❡✳

■■■✳❆✳✷✮ a) ❖♥ ❝❤♦✐1✐% A =

(

1 2
0 1

)

❡% B = AT
✳ 1 ❡1% ❧❛ 1❡✉❧❡ ✈❛❧❡✉' ♣'♦♣'❡ ❞❡ A✱ ❡% ❞❡ ♠7♠❡ ♣♦✉' B✱ ❞♦♥❝

A ❡% B 1♦♥% ♣♦1✐%✐✈♠❡♥% 1%❛❜❧❡1✱ ♠❛✐1 A + B =

(

2 2
2 2

)

❛ ♣♦✉' ✈❛❧❡✉'1 ♣'♦♣'❡1 0 ❡% 4 ❞♦♥❝

♥✬❡1% ♣❛1 ♣♦1✐%✐✈❡♠❡♥% 1%❛❜❧❡✳

b) ❙♦✐% λ ✉♥❡ ✈❛❧❡✉' ♣'♦♣'❡ ❞❡ A+B✱ ❧✬❡1♣❛❝❡ ♣'♦♣'❡ Eλ(A+B) ❡1% 1%❛❜❧❡ ♣❛' A ❝❛' A ❝♦♠♠✉%❡ ❛✈❡❝
A+B✳ ❖♥ ♣❡✉% ❝♦♥1✐❞/'❡' ✉♥❡ ✈❛❧❡✉' ♣'♦♣'❡ ❝♦♠♣❧❡①❡ λ1 ❞❡ ❧❛ '❡1%'✐❝%✐♦♥ ❞❡ A G Eλ(A+B)
❡% ✉♥ ✈❡❝%❡✉' ♣'♦♣'❡ V ❛11♦❝✐/✳ ❖♥ ❛ ❛❧♦'1 BV = (A+ B)V − AV = (λ− λ1)V ✱ ❞♦♥❝ λ1 ❡1%

✈❛❧❡✉' ♣'♦♣'❡ ❞❡ A ❡% µ1 = λ− λ1 ❡1% ✈❛❧❡✉' ♣'♦♣'❡ ❞❡ B✱ ❞✬♦H Re(λ) = Re(λ1) +Re(µ1) > 0✳
❖♥ ❡♥ ❞/❞✉✐% ,✉❡ A+B ❡1% ♣♦1✐%✐✈❡♠❡♥% 1%❛❜❧❡✳

■■■✳❆✳✸✮ a) X
T
AX = (Y T − iZT )A(Y + iZ)✱ ❞✬♦H Re(X

T
AX) = Y TAY +ZTAZ = Y TAsY +ZTAsZ > 0

❡% ♥❡ ♣❡✉% 1✬❛♥♥✉❧❡' ,✉❡ 1✐ Y ❡% Z 1♦♥% ♥✉❧1 ❝❛' As ❡1% ❞/✜♥✐❡ ♣♦1✐%✐✈❡✱ ❞♦♥❝ 1✐ X 6= 0✱ ❛❧♦'1

Re(X
T
AX) > 0✳

b) ❙♦✐% λ ✉♥❡ ✈❛❧❡✉' ♣'♦♣'❡ ❞❡ A ❡% X = Y + iZ ✉♥ ✈❡❝%❡✉' ♣'♦♣'❡ ❛11♦❝✐/✳ AX = λX ❞✬♦H

X
T
AX = λX

T
X = λ(‖Y ‖2 + ‖Z‖2)✱ ❞✬♦H Re(X

T
AX) = Re(λ)(‖Y ‖2 + ‖Z‖2)✳ ❈♦♠♠❡

‖Y ‖2 + ‖Z‖2 > 0✱ ♦♥ ❞/❞✉✐% ❞✉ ❛✮ ,✉❡ Re(λ) > 0 ❞♦♥❝ A ❡1% ♣♦1✐%✐✈❡♠❡♥% 1%❛❜❧❡✳

■■■✳❆✳✹✮ ❖♥ '❡♣'❡♥❞ A =

(

1 2
0 1

)

✱ ,✉✐ ❡1% ♣♦1✐%✐✈❡♠❡♥% 1%❛❜❧❡✱ ♠❛✐1 As =

(

1 1
1 1

)

❡1% 1✐♥❣✉❧✐>'❡ ❞♦♥❝ ♥✬❡1%

♣❛1 ❞/✜♥✐❡ ♣♦1✐%✐✈❡✳

■■■✳❇ ✲

■■■✳❇✳✶✮ ▲❛ 1♦❧✉%✐♦♥ ❣/♥/'❛❧❡ ❞❡ ❧✬/,✉❛%✐♦♥ ❞✐✛/'❡♥%✐❡❧❧❡ y′+λy = v 1✬/❝'✐% y(x) = e−λx

∫ x

0

eλtv(t)dt+Ae−λx

♦H A ❡1% ✉♥ 1❝❛❧❛✐'❡✱ ❞♦♥❝ u ❡1% ❞❡ ❝❡%%❡ ❢♦'♠❡✳

❖♥ 1✉♣♣♦1❡ x > 0 ✿ |e−λx| = e−Re(λ)x 6 1✳

∣

∣

∣

∣

e−λx

∫ x

0

eλtv(t)dt

∣

∣

∣

∣

6 ‖v‖∞
∫ x

0

eRe(λ)(t−x) dt =

‖v‖∞
Re(λ)

(1− e−Re(λ)x)) 6
‖v‖∞
Re(λ)

✳ ■❧ ❡♥ '/1✉❧%❡ ,✉❡ u ❡1% ❜♦'♥/❡ 1✉' R+
✳

■■■✳❇✳✷✮ ❆ ❧❛ ❞❡'♥✐>'❡ ❧✐❣♥❡✱ ♦♥ ♦❜%✐❡♥% u′
n + λnun = 0✱ ❞♦♥❝ un(t) = Ae−λnt

✱ ❞♦♥❝ un ❡1% ❜♦'♥/❡✳

❙✐ un, un−1, . . . , ui+1 1♦♥% ❜♦'♥/❡1✱ ♦♥ ♦❜%✐❡♥% G ❧❛ ❧✐❣♥❡ i ,✉❡ u′

i + λiui = −
∑n

j=i+1 ai,juj ✱ ♦'

✲

∑n

j=i+1 ai,juj ❡1% ❜♦'♥/❡ ❞♦♥❝ ❞✬❛♣'>1 ❇✳✶✱ ui ❡1% ❜♦'♥/❡✳

Q❛' '/❝✉''❡♥❝❡ ❞❡1❝❡♥❞❛♥%❡✱ ♦♥ ❡♥ ❞/❞✉✐% ,✉❡ ❧❡1 ❢♦♥❝%✐♦♥1 ui✱ ♦H i ❞/❝'✐% [[1 , n]] 1♦♥% ❜♦'♥/❡1 1✉'
R

+
✳

■■■✳❇✳✸✮ ❖♥ ♦❜1❡'✈❡ ❞/❥G ,✉❡ eαt exp(−tA) = exp(−t(A−αIn)) ❝❛' ❧❡1 ❞❡✉① ❢♦♥❝%✐♦♥1 ❞❡ t ❞❡ ♣❛'% ❡% ❞✬❛✉%'❡
❞❡ ❧✬/❣❛❧✐%/ 1♦♥% 1♦❧✉%✐♦♥1 ❞✉ ♠7♠❡ ♣'♦❜❧>♠❡ ❞❡ ❈❛✉❝❤② ❧✐♥/❛✐'❡ ✭M ′+(A−αIn)M = 0✱M(0) = In✮

❞❛♥1 Mn ❞♦♥❝ 1♦♥% /❣❛❧❡1 ♣❛' %❤/♦'>♠❡ ❞❡ ❈❛✉❝❤② ❧✐♥/❛✐'❡✳

✺



❖♥ "#✐❣♦♥❛❧✐)❡ A ✿ A = PTP−1
❛✈❡❝ T "#✐❛♥❣✉❧❛✐#❡ )✉♣0#✐❡✉#❡✱ ❞✬♦4 A − αIn = P (T − αIn)P

−1
✳

❈❡❧❛ ❡♥"#❛7♥❡ exp(−t(A − αIn)) = P exp(−t(T − αIn))P
−1
✭0❧❡✈❡# 9 ❧❛ ♣✉✐))❛♥❝❡ k✱ )♦♠♠❡# ♣✉✐)

♣❛))❡# 9 ❧❛ ❧✐♠✐"❡✮✳

❙♦✐" X ❛♣♣❛#"❡♥❛♥" 9 En✳ ▲❛ ❢♦♥❝"✐♦♥ U : t 7→ exp(−t(T −αIn))X ✈0#✐✜❡ U ′(t)+(T −αIn)U(t) = 0
❡" ❧❡) ✈❛❧❡✉#) ♣#♦♣#❡) ❞❡ T −αIn )♦♥" ❞❡ ♣❛#"✐❡) #0❡❧❧❡) > 0 ❞♦♥❝ ♣❛# ❧❛ @✉❡)"✐♦♥ ❇✳✷✱ U ❡)" ❜♦#♥0❡

)✉# R
+
✳ ❊♥ ♣#❡♥❛♥" ♣♦✉# X ❧❡) ✈❡❝"❡✉#) ❞❡ ❧❛ ❜❛)❡ ❝❛♥♦♥✐@✉❡ ❞❡ En✱ ♦♥ ❡♥ ❞0❞✉✐" @✉❡ ❧❛ ❢♦♥❝"✐♦♥

t 7→ exp(−t(T − αIn)) ❡)" ❜♦#♥0❡ )✉# R
+
✳

■❧ #0)✉❧"❡ ❛❧♦#) ❞❡) #❡♠❛#@✉❡) ✐♥✐"✐❛❧❡) @✉❡ t 7→ eαt exp(−tA) ❡)" 0❣❛❧❡♠❡♥" ❜♦#♥0❡ )✉# R+
✳

■■■✳❈ ✲ ❯♥❡ ❝❛)❛❝*+)✐-❛*✐♦♥ ❞❡- ♠❛*)✐❝❡- ♣♦-✐*✐✈❡♠❡♥* -*❛❜❧❡-

■■■✳❈✳✶✮ ❖♥ ❞0✜♥✐" f : M 7→ ATM ❡" g : M 7→ MA ✿ f ❡" g )♦♥" ❞❡✉① ❡♥❞♦♠♦#♣❤✐)♠❡) ❞❡ Mn(R)✳
❙✐ P ❡)" ✉♥ ♣♦❧②♥I♠❡✱ P (f) ❡)" ❧✬❡♥❞♦♠♦#♣❤✐)♠❡ M 7→ P (AT )M ❡" P (g) ❡)" ❧✬❡♥❞♦♠♦#♣❤✐)♠❡
M 7→ MP (A)✳ ❖♥ ❡♥ ❞0❞✉✐" @✉❡ A✱ f ❡" g ♦♥" ❧❡) ♠J♠❡) ♣♦❧②♥I♠❡) ❛♥♥✉❧❛"❡✉#)✱ ❞♦♥❝ ❧❡) ♠J♠❡)
✈❛❧❡✉#) ♣#♦♣#❡) ✭❝❛# ❝❡ )♦♥" ❧❡) #❛❝✐♥❡) ❞✉ ♣♦❧②♥I♠❡ ♠✐♥✐♠❛❧✮✱ ❞♦♥❝ f ❡" g )♦♥" ♣♦)✐"✐✈❡♠❡♥" )"❛❜❧❡)✳

❈♦♠♠❡ f ❡" g ❝♦♠♠✉"❡♥" ❡" @✉❡ Φ = f + g✱ ♦♥ ❞0❞✉✐" ❞❡ ❧❛ @✉❡)"✐♦♥ ❆✳✷✳❜ @✉❡ Φ ❡)" ♣♦)✐"✐✈❡♠❡♥"
)"❛❜❧❡✳

■■■✳❈✳✷✮ a) ❉✬❛♣#M) ❈✳✶✱ ✵ ♥✬❡)" ♣❛) ✈❛❧❡✉# ♣#♦♣#❡ ❞❡ Φ✱ ❞♦♥❝ Φ ❡)" ✉♥ ✐)♦♠♦#♣❤✐)♠❡ ❡" ❞♦♥❝ In ❛❞♠❡"

✉♥ ✉♥✐@✉❡ ❛♥"0❝0❞❡♥" ♣❛# Φ✱ ❞✬♦4 ❧✬❡①✐)"❡♥❝❡ ❞✬✉♥❡ ✉♥✐@✉❡ ♠❛"#✐❝❡ B ∈ Mn(R) "❡❧❧❡ @✉❡
ATB +BA = In✳

b) ❊♥ "#❛♥)♣♦)❛♥"✱ ♦♥ ♦❜"✐❡♥" Φ(B) = In = BTA+ ATBT = Φ(BT )✱ ❞♦♥❝ B = BT
♣❛# ✐♥❥❡❝"✐✈✐"0

❞❡ Φ✱ ❞✬♦4 B ❡)" )②♠0"#✐@✉❡✳

❖♥ ❛ B(A+B−1ATB) = In✱ ❞♦♥❝ B ❡)" ✐♥✈❡#)✐❜❧❡✳

▲❛ #❡❧❛"✐♦♥ )✬0❝#✐" BA + (BA)T = In✱ ❞♦♥❝ ♣❛# ✉♥✐❝✐"0 ❞❡ ❧❛ ❞0❝♦♠♣♦)✐"✐♦♥ ❞❛♥) Sn ⊕ An✱

♦♥ ♦❜"✐❡♥" BA = 1
2In + D ❛✈❡❝ D ❛♥"✐)②♠0"#✐@✉❡✳ ❊♥ ♣❛))❛♥" ❛✉ ❞0"❡#♠✐♥❛♥"✱ ♦♥ ♦❜"✐❡♥"

2n(detA) (detB) = det(In + 2D) > 2n ❞✬❛♣#M) ■✳❇✳ ▲❡) ✈❛❧❡✉#) ♣#♦♣#❡) ❞❡ A )♦♥" ❞❡ ♣❛#"✐❡

#0❡❧❧❡ > 0✱ ❞♦♥❝ ❡♥ ❣#♦✉♣❛♥" ❧❡) ✈❛❧❡✉#) ♣#♦♣#❡) ♥♦♥ #0❡❧❧❡) ❛✈❡❝ ❧❡✉#) ❝♦♥❥✉❣✉0❡) ❡" ❡♥ ❧❡)
♠✉❧"✐♣❧✐❛♥"✱ ♦♥ ♦❜"✐❡♥" detA > 0✱ ❝❡ @✉✐ ❡♥"#❛7♥❡ detB > 0✳

■■■✳❈✳✸✮ a) ❙✐M ∈ GLn(R)✱ ❧❛ ♠❛"#✐❝❡M
TM ❡)" )②♠0"#✐@✉❡ ❡" ♣♦)✐"✐✈❡ ❝❛# ♣♦✉# X ∈ En\{0}✱XTMTMX =

‖MX‖2 > 0✳
❈♦♠♠❡ (exp(−tA))T = exp(−tAT ) ✭♦♥ 0❝#✐" 1

k! ((−tA)k)T = 1
k! (−tAT )k✱ ♦♥ )♦♠♠❡ ❞❡ k = 0

9 K ♣✉✐) ♦♥ ❢❛✐" "❡♥❞#❡ K ✈❡#) +∞✮✱ ❡♥ ♣♦)❛♥" M = exp(−tA)✱ M ❡)" ✐♥✈❡#)✐❜❧❡ ✭❞✬✐♥✈❡#)❡

exp(tA)✮ ❡" V (t) = MTM ✱ ❞♦♥❝ V (t) ∈ S++
n ✳

▲❛ "#❛♥)♣♦)✐"✐♦♥ ❞❡) ♠❛"#✐❝❡) ❡)" ❧✐♥0❛✐#❡✱ ❞♦♥❝ W (t)T =

∫ t

0

V (s)T ds = W (t)✳

Q♦✉# X ∈ En \ {0}✱ XTW (t)X =

∫ t

0

XTV (s)X ds✳ ▲❛ ❢♦♥❝"✐♦♥ ✐♥"0❣#0❡ ❡)" ❝♦♥"✐♥✉❡ )"#✐❝"❡✲

♠❡♥" ♣♦)✐"✐✈❡ ❞♦♥❝ XTW (t)X > 0 ❞♦♥❝ W (t) ∈ S++
n ✳

b) ❉✬❛♣#M) ❧❡) #❛♣♣❡❧)✱ V ′(t) = −ATV (t) − V (t)A✱ ❞♦♥❝ ATW (t) + W (t)A =

∫ t

0

(ATV (s) +

V (s)A) ds =

∫ t

0

−V ′(s) ds = V (0)− V (t) = In − V (t)✳

c) ❉✬❛♣#M) ❇✳✸✱ ❡♥ ❝❤♦✐)✐))❛♥" α "❡❧ @✉❡ 0 < α < min16j6n Re(λj)✱ ♦♥ ♦❜"✐❡♥" @✉❡ ❧♦#)@✉❡ t "❡♥❞

✈❡#) +∞✱ exp(−tA) = O(e−αt)✱ ❡" ❞❡ ♠J♠❡ exp(−tAT ) = O(e−αt) ❝❛# AT
❡" A ♦♥" ♠J♠❡

)♣❡❝"#❡✱ ❞♦♥❝ V (t) = O(e−2αt)✳ ■❧ ❡♥ #0)✉❧"❡ @✉❡ V ❡)" ✐♥"0❣#❛❜❧❡ )✉# R
+
✭♣❛# ♣❛))❛❣❡ ❛✉①

❝♦♦#❞♦♥♥0❡)✮ ❡" @✉❡ limt→+∞ V (t) = 0✳

❊♥ ❢❛✐)❛♥" "❡♥❞#❡ t ✈❡#) +∞ ❞❛♥) ❧✬0❣❛❧✐"0 ❞✉ ❜✮✱ ❡" ❡♥ ♣♦)❛♥" W∞ =

∫ +∞

0

V (s) ds✱ ♦♥ ♦❜"✐❡♥"

ATW∞ +W∞A = In✳ Q❛# ✉♥✐❝✐"0✱ ♦♥ ❡♥ ❞0❞✉✐" @✉❡ B = W∞✳

❙♦✐" X ∈ En✱ ♣♦✉# "♦✉" t > 0✱ XTW (t)X > 0 ❞♦♥❝ ♣❛# ♣❛))❛❣❡ 9 ❧❛ ❧✐♠✐"❡✱ XTBX > 0✱ ❞♦♥❝
B ∈ S+

n ✱ ♠❛✐) detB > 0✱ ❞♦♥❝ B ∈ S++
n ✳

✻






