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Problème 1 (Manipulations classiques de sommes) :

1. Soit n ≥ 2.
(a) Il suffit de calculer

n∑
k=2

(
n

k

)
(−1)n−k =

n∑
k=0

(
n

k

)
(−1)n−k − (−1)n − n(−1)n−1

= (1 − 1)n − (−1)n − n(−1)n−1 Newton
= −n(−1)n−1 − (−1)n.

(b) Soit i, j ∈ {2, . . . , n}, avec j ≤ i. Alors(
n

i

)(
i

j

)
= n!i!

i!(n − i)!j!(i − j)! = n!
(n − i)!j!(i − j)! = n!

j!(n − j)!
(n − j)!

(n − i)!(i − j)! =
(

n

j

)(
n − j

n − i

)
.

(c) On a d’abord
∑n

i=n

(n
i

)( i
n

)
(−1)n−i = 1. Et si j ∈ {2, . . . , n − 1}, alors

n∑
i=j

(
n

i

)(
i

j

)
(−1)n−i =

n∑
i=j

(
n

j

)(
n − j

n − i

)
(−1)n−i cf 1.(b)

=
(

n

j

)
n∑

i=j

(
n − j

n − i

)
(−1)n−i

=
(

n

j

) n−j∑
k=1

(
n − j

k

)
(−1)k chgt indice k = n − i

=
(

n

j

)
(1 − 1)n−j Newton

= 0

On vient donc de montrer que

∀j ∈ {2, . . . , n},
n∑

i=j

(
n

j

)(
i

j

)
(−1)n−i =

{
1 si j = n

0 sinon
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(d) Là encore, il suffit de calculer :

n∑
i=2

(n

i

)
(−1)n−i

i∑
j=2

(
i

j

)
aj

 =
∑

2≤j≤i≤n

(
n

i

)(
i

j

)
(−1)n−iaj

=
n∑

j=2

n∑
i=j

(
n

i

)(
i

j

)
(−1)n−iaj

=
n∑

j=2

aj

n∑
i=j

(
n

i

)(
i

j

)
(−1)n−i


= an cf 1.(c)

(e) Là encore, ce n’est que du calcul :

n(−1)n−1 + (−1)n +
n∑

k=2

(
n

k

)
(−1)n−kk!

=n(−1)n−1 + (−1)n +
n∑

k=2

(
n

k

)
(−1)n−k

1 +
k∑

j=2

(
k

j

)
aj

 cf énoncé

=n(−1)n−1 + (−1)n +
n∑

k=2

(
n

k

)
(−1)n−k +

n∑
k=2

k∑
j=2

(
n

k

)(
k

j

)
(−1)n−kak

=an cf 1.(a) et 1.(d)

2. Enfin,

∀n ≥ 2, an = n(−1)n−1 + (−1)n +
n∑

k=2

(
n

k

)
(−1)n−kk! cf 1.(e)

= n(−1)n−1 + (−1)n +
n∑

k=2

n!(−1)n−k

(n − k)!

= n(−1)n−1 + (−1)n + n!
n∑

k=2

(−1)n−k

(n − k)!

= n(−1)n−1 + (−1)n + n!
n−2∑
ℓ=0

(−1)ℓ

ℓ! chgt indice ℓ = n − k

= n! (−1)n−1

(n − 1)! + n! (−1)n

n! + n!
n−2∑
ℓ=0

(−1)ℓ

ℓ!

= n!
n∑

ℓ=0

(−1)ℓ

ℓ!

3. On va maintenant vérifier que cette expression de (an) vérifie toujours la relation de récurrence.

∀n ≥ 4, (n − 1)(an−1 + an−2) = (n − 1)
(

(n − 1)!
n−1∑
k=0

(−1)k

k! + (n − 2)!
n−2∑
k=0

(−1)k

k!

)

= (n − 1)(n − 2)!
(

(n − 1)
n−1∑
k=0

(−1)k

k! +
n−2∑
k=0

(−1)k

k!

)

= (n − 1)!
(

n
n−1∑
k=0

(−1)k

k! −
n−1∑
k=0

(−1)k

k! +
n−2∑
k=0

(−1)k

k!

)

= (n − 1)!
(

n
n−1∑
k=0

(−1)k

k! − (−1)n−1

(n − 1)!

)
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= (n − 1)!
(

n
n−1∑
k=0

(−1)k

k! + n
(−1)n

n!

)

= n!
n∑

k=0

(−1)k

k!

= an

Problème 2 (Sommes trigonométriques et inégalités) :

1. On a ∀θ ∈ R, C1(θ) = cos(θ) cos(θ) = cos(θ)2 ≥ 0 et

∀θ ∈ R, C2(θ) = cos(θ) cos(θ) + cos(θ)2 cos(2θ)
= cos(θ)2(1 + cos(2θ))
= cos(θ)2(1 + 2 cos(θ)2 − 1)
= 2 cos(θ)4 ≥ 0

2. (a) On a
∀p ∈ Z, cos(pπ) = Re(eipπ) = Re

(
(eiπ)p

)
= Re((−1)p) = (−1)p.

On peut le démontrer par récurrence également. Ou bien en faisant une disjonction de cas selon la parité
de p. Il y a sûrement d’autres façons de le faire.

(b) Par le calcul, on a

∀n ∈ N∗, ∀p ∈ Z, Cn(pπ) =
n∑

k=1
cos(pπ)k cos(kpπ) def Cn

=
n∑

k=1
(−1)pk(−1)pk cf 2a

=
n∑

k=1
1

= n

3. (a) Par le calcul,

∀θ ∈ R, 1 − cos(θ)eiθ = eiθ(e−iθ − cos(θ))
= eiθi sin(−θ) def eiθ

= −i sin(θ)eiθ par imparité de sin

(b) En posant ∀n ∈ N∗, ∀θ ∈ R, Sn(θ) =
∑n

k=1 cos(θ)k sin(kθ), on a

∀n ∈ N∗, ∀θ ∈ R, Cn(θ) + iSn(θ) =
n∑

k=1
cos(θ)k(cos(kθ) + i sin(kθ)) linéarité somme

=
n∑

k=1
cos(θ)keikθ
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Par ailleurs,
∀θ ∈ R, cos(θ)eiθ = 1 =⇒ eiθ ∈ R,

puisque ∀θ ∈ R, cos(θ) ∈ R. Mais eiθ ∈ R ⇐⇒ θ ≡ 0[π] ⇐⇒ ∃p ∈ Z, θ = pπ. Et cos(pπ)eipπ =
(−1)p(−1)p = 1. Donc

cos(θ)eiθ = 1 ⇐⇒ θ ≡ 0[π] ⇐⇒ ∃p ∈ Z, θ = pπ.

D’où

∀n ∈ N∗, ∀θ ∈ R, Cn(θ) + iSn(θ) =


∑n

k=1 1 si θ ≡ 0[π]
cos(θ)eiθ−cos(θ)n+1ei(n+1)θ

1−cos(θ)eiθ sinon

=

n si θ ≡ 0[π]
cos(θ)eiθ

−i sin(θ)eiθ

(
1 − cos(θ)neinθ

)
sinon

cf 3a

=

n si θ ≡ 0[π]
i cos(θ)

sin(θ) (1 − cos(θ)neinθ) sinon

(c) D’après la question précédente, on a donc ∀n ∈ N∗, ∀θ ∈ R \ πZ,

Cn(θ) = Re

(
i
cos(θ)
sin(θ)

(
1 − cos(θ)neinθ

))
= cos(θ)

sin(θ) Re (i − i cos(θ)n cos(nθ) + cos(θ)n sin(nθ)) R-linéarité Re

= cos(θ)
sin(θ) cos(θ)n sin(nθ)

= cos(θ)n+1 sin(nθ)
sin(θ)

4. D’après les question précédentes, on a

∀θ ∈ [−π, π], C3(θ) =

3 si θ ∈ {−π, 0, π}
cos(θ)4 sin(3θ)

sin(θ) sinon

Donc sur ] − π, 0[∪]0, π[, C3(θ) est du signe de sin(3θ)
sin(θ) . Par ailleurs, le sinus est négatif sur ] − π, 0[ et positif sur

]0, π[, donc, par 2π-périodicité, on en déduit

θ

sin(3θ)

sin(θ)

C3(θ)

−π −2π/3 −π/3 0 π/3 2π/3 π

0 − 0 + 0 − 0 + 0 − 0 + 0

0 − 0 + 0

3 + 0 − 0 + 3 + 0 − 0 + 3

5. (a) Comme ∀n ∈ N, ∀θ ∈ R, | sin(nθ)| ≤ 1, on a, d’après la question 3c,

∀n ∈ N∗, ∀θ ∈ R \ πZ, |Cn(θ)| = | cos(θ)n+1|
| sin(θ)| | sin(nθ)| ≤ | cos(θ)|n+1

| sin(θ)| .

(b) Si θ ∈ πZ, Cn(θ) = n −−−−−→
n→+∞

+∞.

Si θ ∈ R \ πZ, alors | cos(θ)| < 1 et donc | cos(θ)|n −−−−−→
n→+∞

0, donc |Cn(θ)| −−−−−→
n→+∞

0. Donc si θ /∈ πZ,
alors Cn(θ) −−−−−→

n→+∞
0 par théorème des gendarmes.
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