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Abstract

An analytical optical approach—First-principle OPTical Intercept Calculation (FirstOPTIC)—is developed for the optical perfor-
mance evaluation of linear Fresnel collectors. Instead of treating all optical error sources as probability distributions and convolving
them with the sun shape into an overall beam spread function, FirstOPTIC treats mirror slope error, receiver position error, and col-
lector tracking error as geometric modifications to the collector, as interpreted in laboratory measurements. Calculation of intercept fac-
tors is analytically derived through a rigorous mathematical model. It is shown through test cases that FirstOPTIC can provide accurate
and fast calculation of collector intercept factors as a function of incidence angle. Finally, FirstOPTIC is used to conduct analysis on the
incidence angle modifier (IAM) and indicates that the factorized IAM representation with respect to independent transversal and lon-
gitudinal components can be a good approximation but in general underestimates the optical performance of a linear Fresnel collector.
� 2013 Elsevier Ltd. All rights reserved.
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1. Introduction

Linear Fresnel collectors are one of two viable line-
focus concentrating solar power (CSP) technologies, along
with parabolic troughs. Solar plants utilizing linear Fres-
nel technology have been commercially tested and/or
deployed on a utility scale around the world (Mills and
Morrison, 2000; Zhu et al., 2013). One important aspect
of a linear Fresnel collector is its optical performance.
Optical performance evaluation often involves optical
and/or mechanical characterization of the linear Fresnel
collector, including characterizing the mirror specularity
and the collector’s geometric precision. The sun shape
also has an impact on a collector’s optical performance,
and it varies with time and location. The most common
approach to optical performance evaluation is ray tracing.
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Available ray-tracing software includes specialized codes
for CSP applications such as SOLTRACE (Wendelin,
2003) and some general-purpose commercial optical tools
like ASAP (Breault Research Organization). Ray tracing
generates a set of sun rays simulating the original or
broadened/altered sun shape and lets them interact with
various collector components with specified optical prop-
erties and mechanical aspects. The number of sun rays
needs to be large enough to produce results with desired
precision, and the computation, in some cases involving
complex geometries and/or a large volume of data, can
be time consuming.

Very often in ray-tracing approaches, optical error
sources resulting from the geometric errors of a linear Fres-
nel collector, such as mirror surface slope error, receiver
position error, and mirror tracking error, are converted
into optical errors represented as probability distribution
functions. The probability distribution functions of various
geometric errors are then convolved with the sun shape and
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Nomenclature

i an index
Esource i the distribution function for a collector optical

error source i

g a general distribution function
geff the effective beam spread distribution
gsun the sun shape
gspec the mirror specularity profile distribution
l the mean value of a distribution
r the root mean square of a distribution
ltotal,rtotal the mean value and the root mean square of

the overall beam spread function, mrad
lsun, rsun the mean value and the root mean square of

the sun shape distribution, mrad
lspecularity, rspecularity the mean value and the root mean

square of the reflector specularity distribution,
mrad

lslope, rslope the mean value and the root mean square of
the reflector slope error distribution, mrad

lreceiver, rreceiver the mean value and the root mean
square of the receiver position error distribu-
tion, mrad

ltrack, rtrack the mean value and the root mean square of
the collector tracking error distribution, mrad

k the mirror index
sk the linear Fresnel mirror tracking angle for mir-

ror k
h\ the transversal incidence angle
hk the longitudinal incidence angle
hk

aim the aiming angle of mirror k in the transversal
plane

x the coordinate along collector width, m or mm
y the coordinate along collector length, m or mm
z the coordinate along the normal vector of the

collector aperture, m or mm
Ix
!

the unit vector along the x axis
Iy
!

the unit vector along the y axis
Iz
!

the unit vector along the z axis
~v a general vector
vi
! the nominal incoming sun ray vector
vn
! the reflected vector on a surface
vþr
�!

the upper limiting vector of the receiver accep-
tance angular window

v�r
�!

the lower limiting vector of the receiver accep-
tance angular window

vþ
�!

blocking the upper limiting vector of the receiver
acceptance angular window accounting for the
blocking effect

v�
�!

blocking the lower limiting vector of the receiver accep-
tance angular window accounting for the block-
ing effect

vþ
�!

shading=blocking the upper limiting vector of the receiver
acceptance angular window accounting for the
blocking and shading effects

v�
�!

shading=blocking the lower limiting vector of the receiver
acceptance angular window accounting for the
blocking and shading effects

T+ the upper limiting plane tangent to the receiver
tube

T� the upper limiting plane tangent to the receiver
tube

ns
! the surface normal vector
Reft the reflection function operator
[RT] the rotational matrix (function)
hr the receiver assembly height
Dxr the receiver position error along x direction, mm
Dzr the receiver position error along z direction, mm
ex the transversal slope error
ey the longitudinal slope error
bþideal the ideal upper limit of the receiver acceptance

angle window in the transversal plane, mrad
bþideal the ideal lower limit of the receiver acceptance

angle window in the transversal plane, mrad
b+ the upper limit of the receiver acceptance angle

window in the transversal plane, mrad
b� the lower limit of the receiver acceptance angle

window with the slope/tracking errors, mrad
bþ3D the upper limit of the receiver acceptance angle

window in three dimensions, mrad
b�3D the lower limit of the receiver acceptance angle

window in three dimensions, mrad
o the partial differential operator
c the collector intercept factor
g the collector optical efficiency
q the reflector reflectance
s the transmittance of the receiver glass envelope
a the receiver absorptance
IAM the incidence angle modifier
d the Dirac delta function
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the mirror specularity so that an effective broadened beam
spread cone can be obtained to incorporate all system
errors of the collector. However, it has been shown that
this error-convolution approach is not accurate in many
occasions and is not capable of correctly treating some geo-
metric errors such as receiver position error for trough col-
lectors (Zhu and Lewandowski, 2012; Zhu, 2013), which
can also apply to linear Fresnel collectors.
In this paper, an analytical approach called First-princi-
ple OPTical Intercept Calculation (FirstOPTIC) is pre-
sented to quickly and accurately evaluate the optical
performance of linear Fresnel collectors. FirstOPTIC treats
optical error sources in the way they are typically charac-
terized in laboratory measurements using a geometric or
optical interpretation (Rabl, 1985). For instance, slope
error is measured as a geometric deviation of actual mirror
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slope from desired values, so it should be treated as a geo-
metric factor as a function of spatial variables (Wendelin
et al., 2006; Andraka et al., 2009; Pottler et al., 2005),
instead of a simple optical error distribution uniformly
applied to every point on the mirror surface. The latter will
result in the loss of spatial dependence in slope error distri-
bution and leads to inaccurate optical evaluation (Zhu and
Lewandowski, 2012).

Right now, the only method to evaluate linear Fresnel
collector is ray-tracing. The development of such an ana-
lytical approach (FirstOPTIC) provides an alternative
effective approach for the optical evaluation of linear
Fresnel collectors. In addition, FirstOPTIC as an analyt-
ical approach will be greatly superior to ray-tracing
method in computational speed by reducing the order of
computational complexity because: (1) FirstOPTIC traces
the rays as a group instead of individual rays and (2) it
would be much more accurate and efficient to simulate
the interaction between sun rays and reflector surface with
various geometrical representations such as mirror slope
error. For example, when a reflector is represented by a
set of discrete finite elements, FirstOPTIC may be thou-
sands of times faster than a Monte Carlo ray tracing
method (Zhu and Lewandowski, 2012). The FirstOPTIC
approach would greatly facilitate the optimization of lin-
ear Fresnel collectors with respect to a large number of
design parameters existing in a linear Fresnel collector
design.

The paper is organized as follows. Technical interpreta-
tion of linear Fresnel collectors is first described in Sec-
tion 2; in Section 3, the mathematical model of
FirstOPTIC is presented in detail; Section 4 shows the val-
idation of the numerical code of FirstOPTIC; a case study
is given to demonstrate the capability of FirstOPTIC in
Section 5; and finally, the work in this paper is concluded
in Section 6 along with further directions.

2. Technical representation of linear Fresnel collectors

As illustrated in Fig. 1, a linear Fresnel collector uses an
array of low-profile, nearly flat primary reflectors and a
fixed receiver assembly including one or more linear recei-
ver tubes and an optional secondary reflector. The primary
reflectors track the sun in the daytime while the receiver
assembly remains fixed. The low-profile reflector architec-
ture allows for a higher concentration ratio without
increasing wind loads, which is otherwise the case for par-
abolic troughs (Price et al., 2002) due to the fact that the
wind load is proportional to the square of the mirror aper-
ture and is also a function of height. In addition, the linear
nature of this technology may potentially drive lower-cost
solar fields and lower-cost maintenance, compared with
central-receiver towers (Rabl, 1985; Kolb et al., 2007).
Optical analysis of linear Fresnel collectors can be
described by two main characteristics: geometry and optics.
Commercial linear Fresnel collectors (Bernhard et al.,
2008; Conlon, 2011; Barale et al., 2010; Selig, 2011; Morin
et al., 2011) often differ in either their specific geometry or
optics, but they share the same general geometric and opti-
cal attributes. Many of linear Fresnel collectors employ
secondary reflector as part of the fixed receiver assembly
to increase the collector optical efficiency, but there also
exist some arguments that secondary reflectors may not
be economically justified with respect to extra cost and
additional operation/maintenance efforts when the receiver
size increases (Mills and Morrison, 2000; Brost and Zhu,
2009; Brost and Zhu, 2010). In particular, when multiple
receiver tubes are used, the optical benefits resulting from
the secondary reflector may be minimal and additional
component cost related to the secondary reflector may
not justify its usage (Mills and Morrison, 2000). In addi-
tion, a single large-size receiver may also help improving
the collector optical performance, reducing the plant para-
sitic on the HTF pumping in the field and avoiding the
additional maintenance work required for the secondary
reflector (Brost and Zhu, 2009; Brost and Zhu, 2010).
There is also a tendency to combine photovoltaic cells with
linear Fresnel receiver assembly to increase the collector
efficiency instead of using the secondary reflector. Thus,
linear Fresnel without secondary reflectors certainly has
its value in the industrial applications and obtains more
and more attentions.

In the scope of work here, FirstOPTIC is developed for
linear Fresnel collectors without secondary reflectors.
Although the secondary reflector is often used, there is
no consensus on its optimum shape. Many secondary
reflector geometries have been proposed throughout the lit-
erature including the compound parabolic shape, the trap-
ezoidal shape and the flat parabolic shape (Zhu et al.,
2013). Due to the numerical difficulties addressing the arbi-
trary geometries of secondary reflectors, the incorporation
of secondary reflectors into FirstOPTIC will be addressed
in the future work.

2.1. Geometric aspects

Simplified schematics of a generic linear Fresnel collec-
tor are given in Fig. 1. The incidence angle is defined as
the angle between the reference direction of a collector
and the nominal direction of incoming sun rays. For linear
Fresnel collectors, the reference direction used to define the
incidence angle(s) is conventionally chosen to be the zenith
axis (i.e., normal incidence). The incidence angle is split
into angles in two planes: the transversal plane and the lon-
gitudinal plane, which are perpendicular and parallel to the
linear axis of linear Fresnel reflectors (y axis), respectively.
Thus, the sun position can also be represented by a combi-
nation of transversal and longitudinal incidence angles,
(h\,hk).

Geometrically, a linear Fresnel collector is defined by a
variety of parameters, including:
– number of mirror rows,
– mirror spacing,
– mirror shape,



Fig. 1. Schematics of a generic linear Fresnel collector.
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– mirror height,
– mirror width,
– receiver assembly height,
– receiver assembly size,
– receiver assembly geometry,
– collector unit/loop length.

All of the above geometric parameters may vary from
one collector to another. It is extremely challenging to opti-
mize a linear Fresnel collector with respect to most or all of
the relevant parameters, especially when coupled with the
collector’s optical properties. In most cases, one starts with
an empirical baseline linear Fresnel design and optimizes
the very few selected parameters considered most impor-
tant to the overall optical and/or economic performance
(Zhu et al., 2013).

2.2. Optical aspects

Both the optical properties and mechanical precisions
of the collector components affect the optical performance
of a collector and could be optical error sources; these
include mirror specularity (Pettit, 1977; Meyen et al.,
2013; Gee et al., 2010; Bendt et al., 1979), mirror slope
error, receiver position error, and collector tracking error.
The treatment of the sun shape and all optical error
sources varies depending on the specific needs of the col-
lector optical characterization. Conveniently, all optical
error sources may be treated or approximated by proba-
bility distributions and then convolved into an overall
probability distribution representing an effective beam
spread cone.

Assuming the sun shape and error sources are character-
ized by a probability distribution function:

Esource i ¼ giðbÞ: ð1Þ
Here, b is the angular value measured from the nominal
direction, and i stands for each specific error source. Then
an effective error cone can be obtained by convolving all er-
ror distributions and the sun shape to formulate the overall
beam spread. The overall beam spread accounting for the
sun shape and all system optical errors may be represented
by an overall probability function:

Btotal ¼ gtotalðbÞ: ð2Þ

When the sun shape and all optical sources are a simple
Gaussian as suggested by Bendt et al. (1979), the overall
convolved beam spread will be a simple Gaussian as well:
its mean value (ltotal) is simply the summation of the mean
value of each individual profile and its root mean square
(RMS) value is the quadratic mean of the RMS of each
individual profile (Boas, 1983). Namely:

ltotal ¼ lsun þ lspecularity þ 2lslope þ lreceiver þ 2ltrack; ð3Þ
r2

total ¼ r2
sun þ r2

specularity þ ð2rslopeÞ2 þ r2
receiver þ ð2rtrackÞ2: ð4Þ

Here,

lsun, rsun: mean value and RMS of the sun shape
distribution,
lspecularity, rspecularity: mean value and RMS of the reflec-
tor specularity distribution,
lslope, rslope: mean value and RMS of the reflector slope
error distribution,
lreceiver, rreceiver: mean value and RMS of the receiver
position error distribution,
ltrack, rtrack: mean value and RMS of the collector track-
ing error distribution.

The factor of 2 for some of the error sources above
comes from the fact that, starting from a straightforward
yet strict geometric analysis based on the linear Fresnel
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geometries, any angular variation in each of these relevant
error sources would result in twice the angular variation in
the overall beam spread because of the reflection law.

Though the probability approximation approach has
been widely used in some ray-tracing programs, it results
in an inaccurate evaluation of a collector’s optical perfor-
mance. First, the probability approximation approach
loses spatial dependence of the mirror slope error and the
receiver position error by using a probability approxima-
tion as a direct convolution with other error sources. Sec-
ond, when using a simple Gaussian, the probability
approximation approach does not account for the system-
atic effects of the mirror slope error, the receiver position
error, and the tracking error (Brost and Zhu, 2009). Very
often, one needs to build each individual error source into
ray-tracing software in a very sophisticated way to more
accurately assess a collector’s optical performance.

This paper proposes an alternative and more accurate
approach to treat the errors for linear Fresnel collectors
in the way they are typically characterized in laboratory
measurements using a geometric or optical interpretation.

3. Mathematical model of FirstOPTIC

FirstOPTIC is an analytical approach to perform opti-
cal analysis of concentrating collectors. It employs appro-
priate optical treatment of collector optical error sources
and derives analytical mathematical formulae to calculate
the intercept factor of a concentrating solar collector
(Rabl, 1985; Bendt et al., 1979). The intercept factor is
defined as the ratio of solar power intercepted by the recei-
ver to the solar power intercepted by the total collector
aperture. Mirror slope error, receiver position error, and
mirror tracking error are traditionally measured as geomet-
ric modifications to the collector and should be treated as
the geometric factors of the collector, and equivalent prob-
ability distribution representations exist only in some spe-
cial scenarios. For instance, at normal incidence, a
tracking error at a particular moment is mathematically
equivalent to imposing the same angular offset to the orig-
inating beam relative to the receiver for a linear Fresnel
collector. The overall tracking error incorporating tempo-
ral effect can then be accounted for precisely as a probabil-
ity distribution by direct convolution with the originating
sun beam.

FirstOPTIC has been successfully developed for para-
bolic trough collectors by Zhu and Lewandowski (2012).
Here, FirstOPTIC is extended to linear Fresnel collectors.
This section presents the detailed mathematical model of
FirstOPTIC to calculate the intercept factors of linear
Fresnel collectors.

3.1. Effective beam spread

When sun rays are reflected on mirror surfaces, the sun
shape is effectively broadened or altered by mirror specu-
larity. For a linear Fresnel collector, an effective beam
spread function, including the sun shape and the mirror
specularity, can then be defined as a probability function:

Beff ¼ geff ðbÞ ¼ ðgsun � gspecÞðbÞ: ð5Þ

Here, gsun(b) and gspec(b) are the probability distribution
profiles of the sun shape and mirror specularity, respec-
tively. In addition:Z þ1

�1
geff ðbÞdb ¼ 1: ð6Þ

The effective beam spread may also include other types of
optical error sources when needed, as seen in Eqs. (2)–
(4). In FirstOPTIC, the other optical error sources, such
as mirror slope error, receiver position error, and mirror
tracking error, are typically treated as geometric modifica-
tions to the collector, as shown next.
3.2. Modular configuration

Linear Fresnel reflectors track the sun over time, and
each mirror suffers from shading and blocking from neigh-
boring mirrors, as shown in Fig. 2. Shading of a mirror is
blockage of incoming sun rays reaching the mirror by its
neighbor(s), and blocking is blockage of reflected sun rays
reaching the receiver assembly by its neighbor(s). One
observation for linear Fresnel reflectors is that the optical
performance of a mirror can typically be derived from its
local configuration involving only the mirror itself, its
neighboring mirrors, and the receiver assembly, and is
independent of the rest of mirrors within a collector. Thus,
the overall optical performance of a linear Fresnel collector
can then be obtained by separating it into a modular calcu-
lation of a three-mirror configuration, or a two-mirror con-
figuration for the outermost mirrors. It is true that shading
of neighboring collectors may occur at high incidence
angles, but its impact is neglected in the proposed analyti-
cal method here.
3.3. Mirror tracking angle

For a mirror k in a linear Fresnel reflector array shown
in Fig. 3, the tracking angle is defined as sk for a sun posi-
tion represented by the transversal and longitudinal inci-
dence angles (h\,hk) as shown in Fig. 1. To calculate sk,
first assume: the pivot point of the mirror k, xk

0; z
k
0

� �
; the

collector aiming point, (xaim,zaim), which may or may not
be the center of the receiver assembly (0,hr); and the angu-
lar position of the sun in the transversal plane, h\. Then
the tracking angle can be determined as follows:

sk ¼
hk

aim þ h?
� �

2
; ð7Þ

Where:



Fig. 2. Shading (left) and blocking (right) for a linear Fresnel collector’s geometric formation.

Fig. 3. Illustration of receiver acceptance angle calculation.
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hk
aim ¼

ð Iz
!� vk

aim

�!
Þy

Iz
!� vk

aim

�!� �
y

����
����
� arccos

I z
!� vk

aim

�!
Iz
!��� ��� � vk

aim

�!��� ���
0
B@

1
CA; ð8Þ

Iz
!¼

0

0

1

8><
>:

9>=
>;; vk

aim

�!
¼

xaim � xk
0

0

zaim � zk
0

8><
>:

9>=
>;: ð9-10Þ
3.4. Calculation of acceptance angles within the transversal

plane

As shown in Fig. 3, the collector is sketched in the trans-
versal plane. For a point (x,z) of interest, the transversal
slope error ex is the angular deviation at this particular
point from its desired slope within the transversal plane.
It is a function of spatial variables. The desired receiver
position is at (0,hr) and the associated receiver position
error is defined (Dxr, Dzr). The angular tracking error is
then treated as an offset to the tracking angle of the mirror
k, Dsk. All notations can be naturally extended to all mir-
rors for a collector. The shape of the mirrors can be flat,
circular, or parabolic. As shown here, the mirror slope
error, the receiver position error, and the collector tracking
error are incorporated as the geometric attributes of a lin-
ear Fresnel collector.

The receiver acceptance angle window (upper limit
b+, lower limit b�) is also often used in the optical
analysis (Zhu and Lewandowski, 2012; Bendt et al.,
1979; Rabl, 1976) and is defined as the angular range
of beam spread distribution within which the sun rays
would be intercepted by the receiver. This section
demonstrates a procedure to calculate the receiver
acceptance angle window limits within the transversal
plane.
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First, the nominal incoming sun direction is defined by
its transversal incidence angle, h\:

vi
!¼

sinðh?Þ
cosðh?Þ

0

8><
>:

9>=
>;: ð11Þ

Then its reflected vector vn
! at the surface point (x,z) is:

vn
!¼ Reftð vi

!; ns
!Þ ¼ ð2 � j vi

!� ns
!jÞns
!� vi

!; ð12Þ

where ns
! is the surface normal vector at (x,z) and can be

calculated as:

ns
!¼ ½RT xzðsk þ Dsk þ exÞ� � n0

!; ð13Þ

n0
!¼

�zðxÞ0

0

1

8>><
>>:

9>>=
>>;: ð14Þ

For convenience, a function Reftð~v;~nÞ is defined to cal-
culate the reflection of a vector~v with respect to a surface
normal vector ~n.

In addition, [RTxz(h)] is the rotational matrix, which
rotates a vector around axis y within the xz plane by an
angle h. It is defined as:

½RT xzðhÞ� ¼
cosðhÞ 0 � sinðhÞ

0 1 0

sinðhÞ 0 cosðhÞ

2
64

3
75: ð15Þ

Next, the acceptance angle limits at the surface point
(x,z) without considering shading and blocking can be cal-
culated as:

bþ;kidealðx; zÞ ¼ arccos
vþr
�!
� vn
!

vþr
�!��� ��� � jvn

!j

0
B@

1
CA;

b�;kidealðx; zÞ ¼ arccos
v�r
�! � vn

!

v�r
�!��� ��� � jvn

!j

0
B@

1
CA: ð16-17Þ

Here, vþr
�!

and v�r
�!

are the vectors emanating from (x,z)
and tangent to the receiver outer surface, as shown in
Fig. 3:

vþr
�!
¼ ½RT xzðuÞ� � vc

!; v�r
�! ¼ ½RT xzð�uÞ� � vc

!; ð18-19Þ

vc
!¼

Dxr � x

0

hr þ Dzr � z

8><
>:

9>=
>;; ð20Þ

u ¼ arcsin
d=2

jvc
!j

� 	
; for a circular receiver: ð21Þ

When blocking from neighboring mirrors is taken into
account, the limiting vectors vþr

�!
and v�r

�!
need to be mod-

ified as:
vþ
�!

blocking ¼
vþr
�!

; if vþr
�!
� vþm
�!� �

y
> 0;

vþm
�!

; if vþr
�!
� vþm
�!� �

y
6 0:

8><
>: ð22Þ

And

v��!blocking ¼
v�r
�!

; if v�r
�!� v�m

�!� �
y
< 0;

v�m
�!

; if v�r
�!� v�m

�!� �
y
P 0:

8><
>: ð23Þ

Here, vþm
�!

and v�m
�!

are the vectors emanating from (x,z)
to the left end of the mirror on the right (mirror k + 1) and
the right end of the mirror on the left (mirror k � 1),
respectively, as shown in the figure:

vþm
�!
¼

xkþ1
1 � x

0

zkþ1
1 � z

8><
>:

9>=
>;; v�m

�! ¼ xk�1
2 � x

0

zk�1
2 � z

8><
>:

9>=
>;: ð24-25Þ

To be more specific, the ends of each mirror k can be
calculated as:

xk
1 ¼ xk

0 �
wk

2
� cosðskÞ; zk

1 ¼ zk
0 þ

wk

2
� sinðskÞ; ð26-27Þ

xk
2 ¼ xk

0 þ
wk

2
� cosðskÞ; zk

1 ¼ zk
0 �

wk

2
� sinðskÞ: ð28-29Þ

Here, wk is the width of the mirror k.
In addition, when shading from neighboring mirrors is

taken into account, the limiting vectors need to be updated
again:

vþ
�!
¼ vþ
�!

shading=blocking¼
vþ
�!

blocking ; if vþ
�!

blocking� vþm;
�!

reflection

� �
y
>0;

vþm;
�!

reflection ; if vþ
�!

blocking� vþm;
�!

reflection

� �
y
60:

8><
>: ð30Þ

And

v��!¼ v��!shading=blocking¼
v�
�!

blocking ; if v�
�!

blocking� v�m;
�!

reflection

� �
y
<0;

v�m;
�!

reflection ; if v��!blocking� v�m;
�!

reflection

� �
y
P0:

8><
>: ð31Þ

Here, vþm;
�!

reflection and v�m;
�!

reflection are the respective reflec-

tions of vþm
�!

and v�m
�!

with respect to the local surface nor-

mal ns
!:

vþm;
�!

reflection ¼ Reft v�m
�!

; ns
!� �

;

v�m;
�!

reflection ¼ Reft vþm
�!

; ns
!� �

; ð32-33Þ

At last, the acceptance angle limits at the surface point
(x,z) taking into account shading and blocking can be cal-
culated as:

bþ;kðx; zÞ ¼ arccos
vþ
�!
� vn
!

j vþ
�!
j � jvn
!j

 !
;

b�;kðx; zÞ ¼ arccos
v��! � vn
!

j v��!j � jvn
!j

 !
: ð34-35Þ
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Though the acceptance angles are derived for a circular
receiver here, a similar procedure can be followed for other
types of receiver assemblies, as well. Eq. (21) would vary
with the shape/configuration of the receiver assembly used.
The derivation of the acceptance angles involving a second-
ary reflector is also straightforward but would involve
more computational effort.
3.5. Calculation of acceptance angles in three dimensions

In three dimensions, the sun position is represented by
both the transversal and longitudinal incidence angles,
(h\, hk), and the acceptance angle can be derived using a
similar procedure—but some vectors in the previous sec-
tion need to be extended or re-derived. As shown in
Fig. 4, the longitudinal slope error ey is added to a mirror
surface in three dimensions.

First of all, the nominal incoming sun ray vector vi
!

becomes:

vi
!¼

cosðhkÞ sinðh?Þ
cosðhkÞ cosðh?Þ

sinðhkÞ

8><
>:

9>=
>;; ð36Þ

For a surface point (x,y,z) on the mirror k, the normal vec-
tor will be with the tracking error Dsk and transversal and
longitudinal slope errors ex and ey:

ns
!¼ RT yz e0y

� �h i
� ½RT xzðsk þ Dsk þ exÞ� � n0

!; ð37Þ

where

e0y ¼ arctanðtanðeyÞ cosðexÞÞ: ð38Þ
Fig. 4. Illustration of receiver acceptance angle calcu
Then, the reflection of the nominal incoming sun ray vi
!

at this surface point is:

vn
!¼ Reftð vi

!; ns
!Þ: ð39Þ

The normal vector to the incoming sun ray plane S,
which includes the nominal sun vector vi

! and the unit vec-
tor Ix
!

along the x axis, is then:

ni
!¼ vi

!� Ix
!

j vi
!� Ix
!���!
j
: ð40Þ

The normal to the reflection plane R is then:

nr
!¼ Reftðni

!; ns
!Þ: ð41Þ

To calculate the limiting vectors vþr;3D

��!
and v�r;3D

��!
, the lim-

iting planes T+ and T�, which originate from the surface
point of interest P(x,y,z) and are tangent to the receiver,
are defined. The normal vectors to the planes T+ and T�

are:

nþT
�!
¼ Iy � vþr

�!
; n�T
�! ¼ Iy � v�r

�!
: ð42-43Þ

Then the limiting vectors are:

vþr;3D

��!
¼ nþT
�!
� nr
!; v�r;3D

��! ¼ n�T
�!� nr

!: ð44-45Þ

The neighboring vectors vþm
�!

and v�m
�!

are projected to
the reflection plane:

vþm;3D

��!
¼ vþm

�!
� nr
!� �
� nr
!; v�m;3D

��!
¼ v�m

�!� nr
!� �
� nr
!: ð46-47Þ
lation in three dimensions (Binotti et al., 2013).
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Thus, the limiting vectors incorporating shading and
blocking from the neighboring mirrors are calculated by
following the same procedure from Eqs. (22) to (31).

To take into account the blocking:

vþ3D;

�!
blocking ¼

vþr;3D

��!
; if vþr;3D

��!
� vþm;3D

��!� �
� nr
! > 0;

vþm;3D

��!
; if vþr;3D

��!
� vþm;3D

��!� �
� nr
!
6 0:

8><
>: ð48Þ

And

v�3D;
�!

blocking ¼
v�r;3D
��!

; if v�r;3D
��!� v�m;3D

��!� �
� nr
! < 0;

v�m;3D
��!

; if v�r;3D
��!� v�m;3D

��!� �
� nr
!P 0:

8><
>: ð49Þ

To take into account the shading:

vþ3D

�!
¼ vþ3D;

�!
shading=blocking¼

vþ3D;

�!
blocking; if vþ3D;

�!
blocking�vþm;3D;

���!
reflection

� �
� nr
!>0;

vþm;3D;

���!
reflection; if vþ3D;

�!
blocking�vþm;3D;

���!
reflection

� �
� nr
!
60:

8><
>:

ð50Þ

And

v�3D
�!¼ v�3D;

�!
shading=blocking¼

v�3D;
�!

blocking ; if v�3D;
�!

blocking�v�m;3D;
���!

reflection

� �
� nr
!<0;

v�m;3D;
���!

reflection; if v�3D;
�!

blocking�v�m;3D;
���!

reflection

� �
� nr
!P0:

8><
>:

ð51Þ

The acceptance angles incorporating blocking and shad-
ing in three dimensions can then be calculated as:

bþ;k3D ðx; zÞ ¼ arccos
vþ3D

�!
� vn
!

vþ3D

�!��� ��� � jvn
!j

0
B@

1
CA;

b�;k3D ðx; zÞ ¼ arccos
v�3D
�! � vn

!

v�3D
�!��� ��� � jvn

!j

0
B@

1
CA: ð52-53Þ
3.6. Calculation of intercept factor

For the point (x,z) on the mirror k, the local intercept
factor can be calculated as:

ck;localðx; zÞ ¼
Z bþ;k

3D
ðx;zÞ

b�;k
3D
ðx;zÞ

geff ðbÞdb: ð54Þ

Integration of ck,local(x,z) over the mirror k aperture
yields the intercept factor for the mirror k:

ck ¼ 1

wk � cosðsk � h?Þ
�
Z xk

2

�xk
1

ck;localðx; zðxÞÞdx: ð55Þ

Here, z = z(x) defines the shape of the mirror k in the
transversal plane. The term cos(sk � h\) accounts for the
cosine effect of the inclined mirror k relative to the incom-
ing sun ray direction.

The intercept factor for the overall linear Fresnel collec-
tor including n mirrors can be obtained by combining the
individual intercept factor of each mirror:
cðh?; hkÞ ¼
Pn

k¼1ðck � wkÞPn
k¼1ðwkÞ : ð56Þ
3.7. Optical efficiency, intercept factor, and incidence angle

modifier

The optical efficiency of a collector is used to measure its
optical performance before taking into account heat loss
between the solar receiver and the ambient. It can be
expressed as (Bendt et al., 1979):

g ¼ cqsa: ð57Þ

Here, q is the reflector reflectance; s is the transmittance
of the receiver glass envelope (if applicable); and a is the
average absorptance of the receiver surface. q, s, and a
are optical properties of the materials used in the collector,
and they are a function of incidence angle to the material
surface.

The optical efficiency varies with the sun position and is
a function of incidence angle, (h\,hk). The incidence angle
modifier (IAM) is then a function of both the transversal
incidence angle h\ and the longitudinal incidence angle
hk. Assuming the IAM accounts for the cosine effect of
varying incidence angle on the intercept area of the collec-
tor aperture, the optical efficiency at any incidence angle
can then be calculated as:

gðh?; hkÞ ¼ g0 � IAMðh?; hkÞ: ð58Þ

Here, g0 is the optical efficiency at normal incidence (i.e.,
h\ = hk = 0).

Assuming the optical properties of the materials (q, s,
and a) do not change with varying incidence angle, the cor-
relation between intercept factor and IAM becomes:

IAMðh?; hkÞ ¼ cðh?; hkÞ=c0: ð59Þ

Here, c0 is the intercept factor at normal incidence.
For computational convenience, the incidence angle

modifier is often factorized into two individual functions:

IAMðh?; hkÞ ffi IAMtðh?Þ � IAMlðhkÞ: ð60Þ
4. Validation

A suite of MATLAB code was developed based on the
detailed mathematical model above. To validate the First-
OPTIC approach, two sets of test cases are performed and
compared with ray-tracing results.

4.1. Geometric errors

First, three cases are set up to test the capability of First-
OPTIC to evaluate geometric errors. The linear Fresnel
collector used for validation includes 18 rows of parabolic
mirrors with a width of 0.75 m and a uniform spacing of
1.2 m, and two virtual receivers with a diameter
of 0.07 m, a spacing 0.07 m along the x axis, and a height
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of 8 m. The center of the two receivers is located at (0,0,8),
referring to the coordinates shown in Fig. 1. Three different
optical/geometric error scenarios are designed to test each
individual geometric error: mirror slope error, mirror
tracking error, and receiver position error, as shown in
Table 1.

The ray-tracing software SolTrace (Wendelin, 2003) is
used to provide ray-tracing results for the test cases. Sol-
Trace is a Monte-Carlo ray-tracing tool developed for solar
concentrator applications. It has been proven to provide
accurate optical evaluation for a variety of solar concen-
trating applications (Wendelin, 2003). Table 2 summarizes
the calculation results of intercept factors at normal inci-
dence by employing FirstOPTIC and SolTrace. For cases
I and II, due to the fact that the collector is at normal inci-
dence and the slope or tracking error is constant, there is
equivalent probability distribution to represent the slope/
tracking error as part of the effective beam spread, as given
in Eq. (2). In particular, the constant slope error ex = 2 -
mrad is equivalent to a probability distribution function
represented by a Dirac delta function:

dslopeðbÞ ¼
þ1; b ¼ 4 mrad

0; b – 4 mrad



ð61Þ

Note that a factor of 2 is applied to the conversion above,
similar to Eq. (4). In case II, the tracking error
Ds = 1 mrad is also equivalent to a Dirac delta function,
which can then be convolved with the effective beam spread
function (5):

dtrackingðbÞ ¼
þ1; b ¼ 2 mrad

0; b – 2 mrad



ð62Þ

An equivalent conversion does not exist for the receiver
position error in case III. The approach employing the
equivalent error probability distributions is denoted as
FirstOPTIC (optical-equivalent) in Table 2. Because
FirstOPTIC (optical-equivalent) simply uses the effective
beam spread function and does not require any geometric
modification for mirror surface or orientation, it stands
as the reference solution for comparison with cases I
and II.

Table 2 shows a comparison of the results using First-
OPTIC and SolTrace. There is good agreement between
the two approaches for the intercept factor calculation
for all three cases. In general, FirstOPTIC is much faster
than SolTrace due to its analytical nature: FirstOPTIC
integrates the effective beam spread over the angular range
intercepted by the receiver as a whole, while SolTrace has
to trace every single sun ray passing through the system.
Table 1
Test cases for the linear Fresnel collector at normal incidence.

Cases Optics Ge

Sun shape Mirror specularity Slo

I Gaussian: r = 2.8 mrad Gaussian: r = 0.8 mrad Co

II Gaussian: r = 2.8 mrad Gaussian: r = 0.8 mrad No

III Gaussian: r = 2.8 mrad Gaussian: r = 0.8 mrad No
Mathematically, SolTrace involves a higher order of
intensive computing than FirstOPTIC. For cases II and
III, it takes about 33 s for SolTrace (1 million rays used),
compared with about 3 s for FirstOPTIC, while maintain-
ing roughly the same level of accuracy. For Case I, when
mirror surface slope error is applied as a geometric modifi-
cation to the surface slope, SolTrace takes much longer
than FirstOPTIC: about 3768 s for SolTrace compared to
about 3 s for FirstOPTIC. This is because every time a
sun ray is traced through the collector system, the local
mirror surface needs to be reconstructed through discrete
points representing the mirror surface and its geometric
error. Local surface reconstruction could be very time con-
suming and inaccurate in many cases (Zhu et al., 2006).
However, it should be noted that SolTrace can provide a
solar flux map for the receiver surface, which FirstOPTIC
cannot do.
4.2. Cases with non-zero incidence angles

Next, test cases with non-zero incidence angles are gen-
erated for further validation. In Fig. 5, the intercept factors
as a function of the transversal and longitudinal incidence
angle are plotted for the test linear Fresnel collector using
FirstOPTIC and SolTrace. The test collector includes 10
rows of parabolic mirrors with a width of 0.75 m and a uni-
form spacing of 1.2 m, and a single circular virtual receiver
with a diameter of 0.09 m and a height of 8 m. The sun
shape is defined by a Gaussian with a RMS of 2.8 mrad.
The optical error is simply another Gaussian with a RMS
of 5.0 mrad. The overall effective beam spread will be the
convolution of the sun shape and the optical error. As seen
from the figure, the results of the two approaches match
very well for a wide range of transversal and longitudinal
incidence angles, 0� � 85�. The largest absolute errors of
the intercept are 0.020 for the transversal and 0.015 for
the longitudinal incidence angle.

Fig. 6 shows a comparison of the results for a test linear
Fresnel collector that includes multiple receivers. The test
collector is composed of 18 mirrors with a width of
0.75 m and a uniform spacing of 1.2 m, and two virtual
receivers with a diameter of 0.07 m, a spacing of 0.07 m,
and a height of 8 m. The sun shape and the optical error
are same as in the previous case. The comparison between
FirstOPTIC and Soltrace is given in the figure. It is shown
that the intercept factors calculated by the two approaches
give rise to very little difference. The largest absolute errors
between FirstOPTIC and SolTrace are 0.010 for the trans-
versal and 0.018 for the longitudinal incidence angle.
ometric Errors

pe error Tracking error Receiver position error

nstant: ex = 2 mrad None None

ne Ds = 1 mrad None

ne None Dz = �0.035 m.



Table 2
Comparison of results for intercept factor using various approaches.

FirstOPTIC (Optical-equivalent) FirstOPTIC (Geometric) SolTrace (Geometric)

Case I Intercept factor 0.7452 0.7452 0.7475
Error – 0.00% 0.3%
Time (seconds) 3.05 3.10 3768a

Case II Intercept factor 0.8596 0.8597 0.8639
Error – 0.01% 0.5%
Time (seconds) 3.06 3.09 33.63

Case III Intercept factor – 0.8638 0.8678
Error – – –
Time (seconds) – 3.12 32.87

a Note: 0.1 million rays were used to solve Case I using SolTrace.
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Fig. 5. Comparison of intercept factor as a function of incidence angle
between FirstOPTIC and SolTrace for single-receiver collectors.
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(b) Longitudinal incidence 
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Fig. 6. Comparison of intercept factor as a function of incidence angle
between FirstOPTIC and SolTrace for two-receiver collectors.
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5. Case Study

After validation of the FirstOPTIC method, it is then
applied to study the calculation error when the IAM is fac-
torized into two independent components: the transversal
and longitudinal, as defined in Eq. (60). The two-receiver
collector in the section above is used along with the same
sun shape profile and the optical error. In Fig. 7, (a) pre-
sents the IAM as a coupled function of both transversal
and longitudinal incidence angles, while (b) gives the
IAM as a factorized function of the transversal and longi-
tudinal incidence angle, respectively. All the IAMs are
calculated using the developed FirstOPTIC code. For the
coupled IAM representation, each IAM was calculated
for each set of transversal and longitudinal incidence
angles; for the factorized IAM representation, the IAM
as a function of the transversal or longitudinal incidence
angle is calculated when the longitudinal or transversal
incidence angle is zero.

The error resulting from the IAM factorization (Eq.
(60)) is calculated against the coupled IAM function and
plotted in Fig. 8. It is seen that the error is small in general
and less than 0.05: the error of factorized IAM is minimal



(a) IAM as a coupled function of transversal and longitudinal incidence angles 
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Fig. 7. Two representations of IAM as a function of incidence angle.
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when either transversal or longitudinal incidence angle is
small, while the error is relatively large when both inci-
dence angles are moderate. The largest absolute error is
about 0.05 for the case studied here. It is worth pointing
out that the factorized IAM can be a very accurate approx-
imation but generally underestimates the intercept factor
when compared to the coupled IAM representation.
6. Conclusions

In this paper, an analytical approach—FirstOPTIC—is
developed and implemented as a suite of MATLAB code
for linear Fresnel collectors. The FirstOPTIC approach
has been carefully validated and it is shown that FirstOP-
TIC can provide accurate calculation of intercept factor
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and exhibit outstanding advantages in computing speed
compared to a ray-tracing approach.

FirstOPTIC is particularly suitable for design and opti-
mization of linear Fresnel technology involving a large
number of collector design options. In addition, it is also
designed for detailed optical analysis involving a large vol-
ume of optical and/or mechanical characterization data
and can be a very valuable tool in the collector prototyping
stage as well. In addition, the FirstOPTIC approach can be
naturally extended to central-receiver towers.

At the same time, there are also a few limitations on the
developed FirstOPTIC. First of all, FirstOPTIC is an ana-
lytical approach to characterize geometrical optics of a
solar collector. The variation of material optical properties
such as mirror reflectance and absorber absorptance as a
function of incidence angle (Montecchi, 2012; Nicodemus
et al., 1977) is not accounted into the FirstOPTIC
approach yet. Secondly, the developed FirstOPTIC is lim-
ited to linear Fresnel collectors without secondary reflec-
tors. In the future, FirstOPTIC may be enhanced with
the capability to analyze secondary reflectors and incorpo-
rating variations of optical properties of collector
components.
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