
TD 3 : Calculs algébriques

Eléments de correction

EXERCICE 4

Soit n ∈N
∗. Calculer les sommes suivantes :

5. Sn =
∑

1≤i≤ j≤n

| j − i |

Sn =

n
∑

j=1

(

j
∑

i=1

| j − i |

)

=

n
∑

j=1

(

j
∑

i=1

( j − i )

)

=

n
∑

j=1

(

j
∑

i=1

j −
j

∑

i=1

i

)

Sn =

n
∑

j=1

j 2
−

n
∑

j=1

j ( j +1)

2
=

1

2

(

n
∑

j=1

j 2
−

n
∑

j=1

j

)

=
1

2

(

n(n +1)(2n +1)

6
−

n(n +1)

2

)

Sn =
n(n +1)

12
(2n +1−3) =

n(n +1)(n −1)

6
. Donc Sn =

n(n +1)(n −1)

6
.

8. Sn =
∑

1≤i< j≤n

j

1 ≤ i < j ≤ n donc n > 1, alors n ≥ 2.

1 ≤ i < j ≤ n donc i ∈ {1, . . . ,n −1} et j ∈ {2, . . . ,n}.

Sn =
∑

1≤i≤ j≤n

j =
n
∑

j=2

(

j−1
∑

i=1

j

)

=

n
∑

j=2

j

(

j−1
∑

i=1

1

)

=

n
∑

j=2

j
(

j −1
)

=

n
∑

j=2

j 2
−

n
∑

j=2

j .

Sn =

n
∑

j=1

j 2
−1−

n
∑

j=1

j +1 =
n(n +1)(2n +1)

6
−

n(n +1)

2
=

n(n +1)

2

(

2n +1

3
−1

)

.

Sn =
n(n +1)

2

(

2n −2

3

)

=
n(n +1)(n −1)

3
.

Donc Sn =
n(n +1)(n −1)

3
.

9. Sn =
∑

1≤i , j≤n

max(i , j )

Sn =

n
∑

j=1

(

n
∑

i=1

max(i , j )

)

=

n
∑

j=1

(

j
∑

i=1

max(i , j )+
n
∑

i= j+1

max(i , j )

)

.

Sn =

n
∑

j=1

(

j
∑

i=1

j +
n
∑

i= j+1

i

)

=

n
∑

j=1

(

j 2
+

(n + j +1)(n − j )

2

)

= ·· · =
n(n +1)(4n −1)

6

(calcul à terminer !)

Soit n et p deux entiers naturels tels que p ≤ n.

A retenir :
n
∑

i=p

i =
(n +p)(n −p +1)

2
.

Remarque :

EXERCICE 5

Soit n ∈N, on pose Sn =

n
∑

k=0

(

2n +1

k

)

.

1. En posant p = 2n +1−k, déterminer une autre expression de Sn .

Sn =

n
∑

k=0

(

2n +1

k

)

=

n
∑

k=0

(

2n +1

2n +1−k

)

=

2n+1
∑

p=n+1

(

2n +1

p

)

.

Donc Sn =

2n+1
∑

p=n+1

(

2n +1

p

)

.

2. En déduire que 2Sn = 22n+1 et conclure.

2Sn =

n
∑

k=0

(

2n +1

k

)

+

2n+1
∑

p=n+1

(

2n +1

p

)

=

2n+1
∑

k=0

(

2n +1

k

)

2Sn =

2n+1
∑

k=0

(

2n +1

k

)

1k 12n+1−k
= (1+1)2n+1

= 22n+1.

D’où Sn = 22n .
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EXERCICE 6

Soit n ≥ 2. Calculer les produits suivants :

3. Pn =

n
∏

k=2

k −1

k +1

Pn =

n
∏

k=2

k −1

k +1
=

n
∏

k=2

k −1

k
×

k

k +1
=

n
∏

k=2

k −1

k

n
∏

k=2

k

k +1
=

1

n
×

2

n +1
.

Donc Pn =
2

n(n +1)
.

4. Pn =

n
∏

k=1

(6k −3)

Pn =

n
∏

k=1

(6k −3) = 3n
n
∏

k=1

(2k −1) = 3n(1×3×5×·· ·× (2n −1))

Pn =
3n ×1×2×3×4×5×·· ·× (2n −2)× (2n −1)× (2n)

2×4×·· ·× (2n)

Pn =
3n(2n)!

2n(1×2×·· ·×n)
=

3n(2n)!

2nn!
.

Donc Pn =

(

3

2

)n (2n)!

n!
.

EXERCICE 7

1. Soit k ∈N\{0;1}. Factoriser les nombres k3
−1 et k3

+1.

k3
−1 = k3

−13
= (k −1)

2
∑

i=0

k i
= (k −1)(k2

+k +1) et

k3
+1 = k3

− (−1)3
= (k +1)

2
∑

i=0

(−k)i
= (k +1)(k2

−k +1).

Donc k3
−1 = (k −1)(k2

+k +1) et k3
+1 = (k +1)(k2

−k +1) .

2. En déduire, sans utiliser de récurrence, que :

∀n ∈N\{0;1},
n
∏

k=2

k3 −1

k3 +1
=

2(n2 +n +1)

3n(n +1)

.

Soit n ∈N\{0;1}.

n
∏

k=2

k3 −1

k3 +1
=

n
∏

k=2

(k −1)(k2 +k +1)

(k +1)(k2 −k +1)

=

n
∏

k=2
(k −1)

n
∏

k=2
(k +1)

×

n
∏

k=2
(k2 +k +1)

n
∏

k=2
(k2 −k +1)

=
(n −1)!

1
2

(n +1)!
×

n
∏

k=2
(k2 +k +1)

n
∏

k=2
(k2 −k +1)

En effectuant le changement d’indice k = l +1, on obtient :
n
∏

k=2

(k2
−k +1) =

n−1
∏

l=1

[(l +1)2
− (l +1)+1]

Or ∀l ∈N, (l +1)2
−(l +1)+1 = l 2

+ l +1 donc
n
∏

k=2

(k2
−k+1) =

n−1
∏

l=1

(l 2
+ l +1).

Ainsi :

n
∏

k=2

k3 −1

k3 +1
=

2

n(n +1)
×

n
∏

k=2
(k2 +k +1)

n−1
∏

l=1
(l 2 + l +1)

=
2

n(n +1)
×

n2 +n +1

3

Donc
n
∏

k=2

k3 −1

k3 +1
=

2(n2 +n +1)

3n(n +1)
.

3. En déduire que la suite

( n
∏

k=2

k3 −1

k3 +1

)

n∈N\{0;1}

est convergente et déterminer

sa limite.

lim
n→+∞

2(n2 +n +1)

3n(n +1)
= lim

n→+∞

2n2

3n2
= lim

n→+∞

2

3
=

2

3
.

Donc la suite

( n
∏

k=2

k3 −1

k3 +1

)

n∈N\{0;1}

est convergente de limite égale à
2

3
.
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